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A B S T R A C T

Solid rocket motors (SRMs) are the power units of modern aerospace transportation, and it is of great significance 
to predict their flow and heat transfer characteristics by numerical simulation. This numerical study is based on a 
self-developed code framework MHT (Multi-X Heat Transfer, where X represents the region, scale, physical field, 
and other aspects) and presents an effective method of analyzing fluid–solid coupling heat transfer problem in an 
axisymmetric supersonic nozzle. For the nozzle wall heat conduction and nozzle-in fluid flow there are two kinds 
of solution methods, the detached (solved separately in solid and fluid region and them coupling at the interface) 
and the whole field method (solve the conduction and convection simultaneously). The whole field method is 
more efficient but few scholars use it to solve the nozzle coupled problem. This paper introduces the numerical 
details of the whole field solution method, and provides a new idea for the coupling solution of the nozzle. In 
addition, a mixed grid system is proposed around the interface region of fluid and solid, in which the quadri
lateral structured mesh is used at the fluid side, and the triangular unstructured mesh is used for the outer fluid 
region and the whole solid region to ensure the accuracy of the 1st-oder normal derivatives calculation. The self- 
developed code is validated by comparison with well-known commercial soft-ware. Transient results of tem
perature and velocity are presented for the instants of 1st 10 s and 20 s of a practical nozzle.

1. Introduction

The nozzle of the solid rocket motors is the only exit of the com
bustion products gases. The gases of subsonic state from the engine go 
into the convergence section of the nozzle and are accelerated to reach 
the speed of sound at the nozzle throat. Then in the expansion of the 
section of the nozzle gases flow becomes supersonic, and when they 
leave the nozzle, a great amount of thrust is generated [1,2].

Numerical solution of transonic flow of gas in a nozzle is a chal
lenging problem in CFD. The flow field is obtained by solving the Navier- 
Stokes (N-S) equations, and the numerical methods for solving the N-S 
equations can be categorized into two main groups: density-based 
methods and pressure-based methods. Pressure-based methods origi
nally were proposed for solving the incompressible problems. And later 
they have been successfully extended to solve low Mach number flow, 
transonic flow and supersonic flow up to Mach number of seven. The 
most widely used pressure-based method is the SIMPLE algorithm. The 

SIMPLE algorithm was initially proposed by Patankar and Spalding [3]
for incompressible problems, but has been widely applied to 
compressible flow problems [4–7]. So the research in this paper is based 
on the implementation of the SIMPLE algorithm on the MHT platform.

Since the nozzle is made of multiple layers of protective material and 
the irregular shape of the cross-section between the layers makes the 
calculation process very complicated. In this paper the entire nozzle 
calculation area including fluids and solids (whole field) is solved at the 
same time, that is the problem is solved in a conjugated way, and this 
treatment leads to a higher computational efficiency.

The conjugated solution for the flow-solid computational region was 
originally proposed by Patankar [8], the core of which is to differentiate 
different regions by physical properties including diffusion coefficients 
and source terms of the control equations, so as to treat the flow-solid 
interface as the interior of the computational region. This method has 
been used to solve the natural convection in a square enclosure with an 
internal isolated vertical plate and the results are in good agreement 
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with the experiments [9], and the unsteady heat conduction in the solid 
rocket nozzle [10–12]. For example, Zhang et al [12] performed a 
conjugated solution in the ANSYS FLUENT for the gas and solid wall 
surfaces in a nozzle to obtain the distribution of temperature and pres
sure data over the entire computational region, and then used these data 
to perform structural analyses in ANSYS. Although the conjugated so
lution method can greatly reduce the complexity of the nozzle calcula
tion, but at this stage, this method has not been widely adopted in the 
nozzle thermal analysis.

The MHT software is a CFD solution platform independently devel
oped by Xi’an ShuFeng Technological Information, Ltd, which can be 
used to solve multi-area, multi-physical field, multi-scale and multi- 
phase fluid flow and heat transfer problems [13,14]. The framework 
structure of the MHT consists of a base layer, a framework layer, a 
discrete layer, a method layer and an application layer as follows: 

(1) The base layer provides the lowest common data types and 
mathematical calculations, such as the definition of basic geo
metric units, the definition of operators, and the solution of 
equations, etc. The base layer will be called as a tool at a higher 
level;

(2) The framework layer defines the data structures of meshes, 
physical fields, and algebraic equations, such as the geometric 
information of meshes and their relationships, the physical fields 
and their operations, the composition of algebraic equations and 
their solution algorithms, etc. The framework layer also stan
dardizes these data structures to achieve compatibility with 
different input and output formats;

(3) The discrete layer provides finite volume method discretization 
of the governing equations and commonly used boundary 
conditions;

(4) The method layer contains the solution process of commonly used 
algorithms in CFD and provides multiphase and turbulence 
models;

(5) The application layer can be used for solving specific engineering 
problems to meet the practical needs.

The MHT software now has more complete functions and has suc
cessfully solved many practical problems, which is in the forefront of 
self-developed CFD software in China. Based on the MHT software 
framework, this paper will develop an individual module for solving 
transonic flow and heat transfer problems in SRM nozzles.

2. Mathematical model

2.1. The governing equation of the nozzle

The conjugated solution method adopts a unified governing equation 
for the fluid and solid regions during solution. A schematic view of a 
two-dimensional axisymmetric nozzle is shown in Fig. 1, where the 
circumferential space coordinate θ is not an independent variable. To 
simplified the simulation while still contain the major characteristics of 
thermo-fluid characteristics of the flow and heat transfer in nozzle, 

following assumptions are adopted: 

(1) The specific heat capacity of fluids and solids and the solid den
sity are assumed to be constant.

(2) The fluid generated in the combustor of the SRM is not alumi
nized, so the presence of aluminum particles and their oxide are 
not considered;

(3) The inlet fluid is considered to have reached chemical equilib
rium before entering the nozzle.

(4) No materials of the solid wall are removed during the simulation 
time period.

(5) Due to the large differences in the characteristics times with the 
flow and heat conduction in the solid wall, a loosely coupled 
technique is adopted, that is, the flow simulation is performed for 
steady state while the conduction in the nozzle solid wall is 
transient.

All the above assumptions were widely adopted in the nozzle 
thermo-fluid analysis [10–12].

The general governing equation of mass and momentum conserva
tion in this 2D cylindrical coordinate are as follows:

Mass conservation: 

∂
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(
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)
+

1
r
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General conservation equation for momentum and energy: 
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In the above equations: ϕ is a universal scalar variable; ρϕ is the 
generalized density, Γϕ is the diffusion coefficient, and Sϕ is the gener
alized source term.

In Eq. (2), the first term of the left side is the transient term, the 
second and third terms are convective terms, and the first and second 
terms of the right side are the diffusion term, and the third term is the 
source term. MHT was developed based on the finite volume method, 
and different terms of the governing equations are discretized using 
different discretization schemes, and the details can be found in [2].

To ensure the stability of the solution, in the process of solving the 
unsteady state of the solid, the temporal scheme used is the first-order 
Euler scheme, and the convection term of the momentum equation 
and the energy equation adopts the first-order upwind discretization 
(FUD) scheme, and the diffusion term adopts the center difference (CD) 
scheme. In the compressible SIMPLE algorithm, the mass conservation 
equation is represented by the mass flux conservation. The pressure 
correction equation in MHT is derived from the mass conservation 
equation, and the mass flux is corrected after solving the pressure 
correction equation, thus ensuring the satisfaction of the mass conser
vation equation.

When solving compressible flow, it is necessary to supplement the 
state equation: 

p = ρRT (3) 

where R is the gas constant.

2.2. Construction of the pressure correction equation

The SIMPLE algorithm has two assumptions: (1) the initial velocity 
field and the pressure field are assumed separately, and the relationship 
between them is neglected; (2) the influence of the velocity corrections 
of the neighboring cells on the cell computed is ignored to simplify the 
solution procedure. Since the change of fluid density needs to be 
considered when solving compressible flow, the pressure correction 
equation of the compressible problem is different from the incomFig. 1. A schematic view of a two-dimensional axisymmetric nozzle.
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pressible problem. The pressure correction equation in the compressible 
SIMPLE algorithm is derived based on the continuity equation. As 
indicated above, the fluid flow is solved as a steady state, so the dis
cretized continuity equation is given by: 
∫

Ω
∇⋅(ρu)dV =

∮

Ω
ρudA ≃

∑

faces
ρf uf Sf = 0 (4) 

In the above equations: ρ is the fluid density, u is the vector of the ve
locity and Sf is the vector of the area of the face.

The density and velocity consist of their previous values and cor
rections: 

u = u0 +uʹ (5) 

ρ = ρ0 + ρʹ (6) 

where the superscript ′ means correction values.
The expression of velocity correction in the compressible SIMPLE 

algorithm is: 

uʹ = −
ΔV
aP

∇pʹ (7) 

where ΔV is the volume of the element, aP is the principal diagonal 
element coefficients obtained from the discretized momentum equation, 
and ∇ṕ  is the gradient of the pressure correction values, and the deri
vation of the equation (7) can be found in [6].

According to the equation (3), the density correction values can be 
calculated from the state equation: 

ρʹ =
pʹ

RT
(8) 

By substituting equation (5), (6), (7), (8) into equation (4), it 
becomes: 

∑

faces

ρf uf Sf =
∑
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ρ0
f u0

f Sf +
∑
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pʹ
f

(RT)f
u0

f Sf −
∑
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ρ0
f

(
ΔV
ap

)

f
(∇pʹ)f Sf = 0 (9) 

In the derivation of equation (9), the term including the product of uʹρ́  

has been neglected because it is a higher order small quantity. Equation 
(9) is the FVM discretization of the pressure correction equation, and it 
can be expressed as the: 

∇⋅
(

1
RT

u0pʹ
)

= ∇⋅
(

ρ0ΔV
ap

∇pʹ
)

− ∇⋅
(
ρ0u0) (10) 

The items in equation (10) from left to right are called convection 
term, diffusion term and source term of the pressure correction equation 
in turn. Since the density of the fluid in compressible flow is constantly 
changing, the introduction of the density correction values in equation 
(6) makes the product of the velocity and pressure correction values 
appear in equation (9), leading to the introduction of the convection 
term in equation (10), so the pressure correction equation is changed 
from the elliptic equation in the incompressible flow problems to the 
hyperbolic equation.

After solving the pressure correction equation, the pressure and ve
locity in the center of the element need to be corrected. The expression 
of correcting the pressure according to the pressure correction values is 
as follows: 

pP = p∗
P + αPpʹ (11) 

where αP is the relaxation factor when correcting pressure.
And the expression of correcting the velocity according to the pres

sure correction values is: 

u = u∗ −
ΔV
ap

∇pʹ (12) 

The collocated grid system is adopted to prevent a chessboard 
pressure filed, in which the velocity on the control volume interface is 
determined by using Rhie-Chow interpolation [15] according to the 
velocity on the center of the elements.

The purpose of solving the pressure correction equation is to satisfy 
the discretized expression of the continuity equation. Therefore, after 
obtaining the pressure correction values, the mass flux on all unit sur
faces (including internal surfaces and boundary surfaces) should also be 
corrected, and the corrected mass flux should be adopted as equation 
(13): 

mf = ρ0
f u0

f ⋅Sf +
1

(RT)f
pʹ

fu
0
f ⋅Sf − ρ0

f

(
ΔV
ap

)

f
(∇pʹ)f ⋅Sf (13) 

It should be noted that since the discretization schemes of the 
convective term will affect the solution of the pressure correction 
equation for compressible flow [16], in order to ensure that the dis
cretized equation of the continuous equation (9) is strictly satisfied, the 
discretization schemes of the second term of equation (9) must be the 
same as that of the discretization schemes of the convective term of the 
discretized momentum equation. When using equation (13) to correct 
the mass flux, the second term should also adopt the same discretization 
scheme, and since this term is affected by the density correction values, 
the density interpolation scheme from the element to the face should 
also adopt the same scheme. Since FUD scheme is an absolutely stable 
scheme, considering the stability of the calculation using the conjugated 
solution, this scheme is used to calculate the discretizated convection 
term of the pressure correction equation and the interpolation of the 
density on the element faces.

2.3. Compressible SIMPLE algorithm

When using the SIMPLE algorithm to solve compressible flow, it is 
necessary to consider the change of density. Apart from that the density 
needs to be corrected according to the corrected pressure, and the 
density is re-calculated again through the state equation after solving 
the energy equation. The discretization is based on a collocated grid 
system and the solution process is basically the same as solving the 
incompressible fluid flow problem [17]. One iteration procedure in
cludes following steps: 

(1) Assume the initial pressure field, density field, velocity field and 
temperature field or calculated from the previous iteration;

(2) Solve the discretized momentum equation to obtain the velocity 
of the unit center;

(3) Obtain the velocity on the control volume interface using Rhie- 
Chow interpolation;

(4) Calculate the coefficient of the pressure correction equation and 
solve the pressure correction equation;

(5) Use the pressure correction value to correct velocity, pressure, 
density and mass flux;

(6) Solve the discretized energy equation;
(7) Recalculate the density according to the state equation.
(8) Repeat the above steps until the convergent solution is obtained.

As indicated above, we use the conjugated solution method to solve 
the flow field and temperature field in the nozzle and adopt the unified 
form of governing equation in the fluid and solid region, but their 
generalized source terms and generalized diffusion coefficients are 
different. When using the conjugated method, the compressible SIMPLE 
algorithm needs to be supplemented by following practices: 

(1) The velocity of the solid region should be zero before and after 
solving the momentum equation;

(2) When solving the discretized momentum equation, set the vis
cosity of the solid region to a large value, such as 1035, and set the 
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right term of the solid region of the discretized momentum 
equation to zero to ensure that the velocity of the solid region is 
zero;

(3) When the pressure correction equation is solved to correct the 
velocity, the coefficient of the velocity correction value of the 
solid region should be a very small but not zero value, such as 10- 

35;
(4) After correcting the mass flux, make the mass flux on the fluid

–solid interface zero to ensure the zero velocity of the fluid–solid 
interface;

(5) When solving the discretized energy equation, the thermal con
ductivity of all control volume interfaces is calculated by the 
harmonic mean method. And the temperature of the fluid–solid 
interface is calculated by the harmonic mean method.

In order to verify the feasibility and accuracy of the fluid–solid 
conjugated method adopted in MHT, the natural convection problem 
with a vertical wall island in the square cavity [9] was calculated, and 
the detailed models and parameters are described in Ref. [9]. In this 
example, the viscosity of the solid is set as a large value, such as 1035, 
and the thermal conductivity is also set as a large value, such as 1025, so 
as to ensure that the velocity of the solid is zero and the temperature is 
constant. The comparison between the predicted streamlines and the 
experimental streamlines is shown in Fig. 2, and the velocity of the solid 
is several orders less than that of fluid. Although there are some slight 
differences between the two, they are very close enough to show the 
reliability of the numerical method used and the code developed.

In Ref. [2], the reliability of the above-mentioned method in solving 
laminar flow of the nozzles has been verified, and it will be further 
demonstrated for turbulent flow in this study. It should be noted that, 
even though the conjugated solution methods have been adopted for the 
nozzle simulation by some refs, say [10–12], however, all of then used 
the commercial software, and no numerical details have been presented. 
Above detailed presentation for the conjugated solution of compressible 
SIMPLE algorithm is seemingly first in the public literatures.

2.4. Turbulence model

The flow in the nozzle is compressible and transonic, and the gas 
velocity is very high, so the gas flow is mostly turbulent [1]. In order to 
obtain accurate results of coupled heat transfer calculation, it is neces
sary to add a suitable turbulence model in the process of solving the flow 
in the nozzle. The SST k-ω turbulence model proposed by Menter [18]
combines the advantages of the k-ω model in the near-wall region and 
the advantages of the k-ε model in the region away from the wall . Hence 

it can accurately capture the interaction inside and outside the boundary 
layer. So this model is widely used in many aerodynamic studies 
including nozzles [19,20], and it is adopted in this paper to ensure the 
accuracy of heat transfer calculation. The steady state transport equa
tions for the turbulent kinetic energy and turbulence specific dissipation 
rate of the SST k-ω turbulence model in two-dimensional axisymmetric 
coordinate system are as follows: 

∂(ρuk)
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+
1
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1
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∂
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ω

(
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∂z

∂ω
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+
∂k
∂r

∂ω
∂r

)

(15) 

In order to switch the turbulence model near the wall, the mixed 
function F1 is introduced, which is expressed as: 

F1 = tanh(

{

min

[

max(
̅̅̅
k

√

0.09ωy
;
500ν
y2ω );

4ρσω2k
CDkωy2

]}4

) (16) 

where y is the distance from the center of each grid element to the wall, 
and CDkω is expressed in equation (17): 

CDkω = max(2ρσω2
1
ω

∂k
∂xj

∂ω
∂xj

,10− 20) (17) 

The formula for calculating turbulent viscosity is shown by Eq. (18): 

νt =
a1k

max(a1ω;ΩF2)
(18) 

where F2 is the auxiliary function, which is expressed as: 

F2 = tanh(

[

max(2
̅̅̅
k

√

0.09ωy
;
500ν
y2ω )

]2

) (19) 

Near the wall, the value of y is very small, and the values of F1 and F2 
converge to 1, which make the model being converted to the k-ω model.

The parameters in the above equations (σk,σω, β and γ) are obtained 
by mixing the corresponding parameters of the k-ω model and the k-ε 
model using the mixed function F1. Denote the mixed parameter by ϕ, 
and the parameters of the k-ω model and the k-ε model are expressed by 

Fig. 2. The comparison of the streamline results.
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ϕ1 and ϕ2, respectively, then the parameter ϕ of the SST k-ω model can 
be expressed as: 

ϕ = F1ϕ1 +(1 − F1)ϕ2 (20) 

For k-ω model: 

σk1 = 0.85, σω1 = 0.5, β1 = 0.0750, γ1 = β1/β* − σω1κ2/

̅̅̅̅̅

β*
√

(21) 

For k-ε model: 

σk2 = 1.0, σω2 = 0.856, β2 = 0.0828, γ2 = β2/β* − σω2κ2/

̅̅̅̅̅

β*
√

(22) 

where β* = 0.09 and κ = 0.41.

2.5. Calculation of the wall distance

In the above equation, y is the distance from the center of the fluid 
grid element to the wall, which is an important parameter to solve 
Equations (14) and (15) of the turbulence model by affecting F1 and F2 
through the Equation (16) and Equation (19). Among all the element 
distances the nearest distance is the most important which heavily af
fects the solution reliability.

According to the [21], generally there are three methods to obtain 
the grid element distances: direct traversal method, limit distance 
function method and differential equation solving method. Direct 
traversal method obtains these values by traversing each grid element. 
Because the amount of the grid element in engineering problems is 
usually very large, direct traversal method needs to traverse each grid 
element and each boundary surface, which is tedious and time- 
consuming. The limit distance function method cannot obtain accurate 
integration of high aspect ratio grid system. Usually, the differential 
equation method is used to calculate the wall distance which includes 
gradient term, convection term and diffusion term. When using MHT as 
the solution frame work, the discretizations of the three terms can be 
easily implemented, so it is relatively simple to realize the differential 
equation method in MHT. As far as the differential equation method is 
concerned, there are two choices: Poisson’ equation and Eikonal’ 
equation proposed by Paul et al in literature [21]. The followings briefly 
introduce the equation forms of the two methods and compares them. 
For the details Ref. [21] may be consulted.

The wall distance is obtained by solving a Poisson type diffusion 
equation in the form shown in equation (23): 

∇2ϕ = − 1 (23) 

From the values of variable ϕ, the wall distance y can be calculated 
by Equation (24): 

y = − |∇ϕ| +
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

|∇ϕ|2 + 2ϕ
√

= −

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

j=1,3

(
∂ϕ
∂xj

)2
√
√
√
√ ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑

j=1,3

(
∂ϕ
∂xj

)2

+ 2ϕ

√
√
√
√

(24) 

Eikonal’ equation obtains the wall distance by transmitting a series 
of waves with a velocity of the unit 1 on the wall surface and solving the 
time when the wave first arrives at the center of the element. The gov
erning equation is shown in Equation (25), which is a con
vection–diffusion equation: 

∇ • (ϕU) = 1+Γ∗(ϕ)∇2ϕ (25) 

where ϕ is the variable to be found, which is the time of the first arrival 
of the propagation front of the waves. And U is the velocity vector of the 
wave propagation, and there are U = ∇ϕ, |U| = 1.Γ∗(ϕ) is a function 
relating to the variable ϕ, and there is a following relationship Γ∗(ϕ) =

Γ + ϕ.
When solving the Eikonal’ Equation (25) to obtain the wall distance, 

set Γ = 0, and the wall distance is equal to the variable ϕ.

For Poisson’s equation and Eikonal’ equation, their wall boundary 
condition is: 

ϕ = 0 (26) 

And for the other boundary such as inlet, outlet and axisymmetric 
boundary, the normal 1st order derivative equals zero, that is: 

∂ϕ
∂n

= 0 (27) 

It is shown in [21] that the solutions of Poisson’s equation is accurate 
only when solving the wall distance of the grid elements near the wall, 
and its average deviation is much larger than the results of Eikonal’ 
equation. In order to compare the accuracy of the two methods, the wall 
distances of the same nozzle model with the same grid system is calcu
lated, as shown in Fig. 3, which shows the distribution of the wall dis
tance in the center of each element. Fig. 4 shows the comparison of the 
wall distance of the grid element for Poisson’ equation, Eikonal’ equa
tion and direct traversal method along the axis direction. In Fig. 4, the 
horizontal coordinate represents the ratio of the horizontal distance 
from the element center to the inlet boundary surface over the total 
length of the nozzle, and the vertical coordinate represents the wall 
distance values. The results show that Eikonal’ equation is more accu
rate in solving the wall distance and the result of Poisson’ equation is 
often smaller than Eikonal’ equation. It is consistent with the conclu
sions in [21].

However, Eikonal’ equation is a convection diffusion equation and 
Poisson’s equation is a diffusion equation. In numerical calculation, the 
introduction of the convection term will increase the computation 
amount and make the corresponding discretized equations difficult to 
converge. Therefore, when the grid amount is not too large, Eikonal’ 
equation should be used, and Poisson’ equation can be used to solve the 
wall distance when the mesh quantity is very large and only the wall 
distance of the grid elements near the wall needs to be very accurate. In 
this study Eikonal’ equation is used.

2.6. Near wall treatment

For fully developed turbulent flow with solid walls, the flow can be 
divided into near-wall region and turbulent core region at different 
distances along the wall normal. The flow within the turbulent core is 
considered as complete turbulent. The flow in the near wall region is 
obviously affected by the wall, and the near wall region can be divided 
into three sublayers: viscous bottom layer, transition layer and log-law 
layer. There are clear wall functions for the viscous bottom layer and 
the log-law layer, whose expressions are as follows: 

u+ = y+, 0 < y+ < y+
L (28) 

u+ = (1/κ)lny+ +B,30 < y+ < 1000 (29) 

where u+ is the dimensionless velocity, y+ is the dimensionless wall 
distance, y+L is the dimensionless wall distance of the outermost of the 
viscous bottom layer, κ is the von Karman constant, and B is a constant 
between 5 and 5.5.

The author used the automatic near-wall treatment from [22]
matched with the turbulence model, detailed derivation can be found in 
references [22]. The following is a brief introduction to its calculation 
parameters and processes.

First, the parameters are non-dimensionalized: 

y+ =
yρu∗

μ (30) 

u+ =

⃒
⃒vtangential

⃒
⃒

uτ
(31) 

In Equation (30), the dimensionless velocity u∗ is the harmonic mean 
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of the u*
vis of the viscous bottom layer and the u∗

log of the log-law layer as 
follows: 

u*
vis =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ
ρ

⃒
⃒vtangential

⃒
⃒

y

√

(32) 

u∗
log = C1/4

μ k1/2 (33) 

u∗ =

[
(
u*

vis
)4

+
(

u∗
log

)4
]0.25

(34) 

In Equation (31), the velocity parallel to the wall vtangential is deter
mined as follows: 

vtangential = (vC − vw) − [(vC − vw)n ]n (35) 

The correlation of variables of vC, vw and n in Equation (35) is shown 
in Fig. 5. For a stationary wall, the wall velocity vw is zero.

In Equation (31), the dimensionless velocity uτ is the harmonic mean 
of the uvis

τ of the viscous bottom layer and the ulog
τ of the log-law layer: 

uvis
τ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

μ
ρ

⃒
⃒vtangential

⃒
⃒

y

√

(36) 

ulog
τ =

⃒
⃒vtangential

⃒
⃒

(1/κ)lny+ + B
(37) 

uτ =
[(

uvis
τ
)4

+
(
ulog

τ
)4

]0.25
(38) 

The shear stress on the wall is: 

|τw| = ρuτu∗ = ρ u∗

u+

⃒
⃒vtangential

⃒
⃒ (39) 

So according to Equation (39), the generation term Pk of the trans
portation equation of k for the element closest to the wall is calculated 
by: 

Pk = |τw|
uτ

κy
(40) 

The transportation equation of ω for the element closest to the wall is 
calculated by Equation (43) instead of solving equation (15), and it is the 
harmonic values of the ωvis of the viscous bottom layer and the ωlog of the 
log-law layer: 

ωvis =
6μ

ρβ1y2 (41) 

ωlog =
u∗

κy
̅̅̅̅̅
β∗

√ (42) 

ω =
[
(ωvis)

2
+
(
ωlog

)2
]0.5

(43) 

The implementation process of the automatic near-wall treatment is 
as follows: 

(1) Calculate the tangential velocity according to the equation (35). 
And Calculate u∗ according to Equation (32), (33) and (34).

(2) Calculate the dimensionless wall distance according to Equation 
(30).

Fig. 3. The wall distance by solving the Poisson’ equation and Eikonal’ equation.

Fig. 4. The comparison of the nearest wall distance for three methods.

Fig. 5. The correlation of variables near the wall.
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(3) Calculate the dimensionless velocity uτ according to Equation 
(36), (37) and (38).

(4) Calculate the dimensionless velocity u+ according to Equation 
(31).

(5) Calculate the generation term Pk of the transportation equation of 
k for the element closest to the wall according to Equation (39), 
(40). And use this Pk to solve the k transportation equation.

(6) Calculate ω for the element closest to the wall according to 
Equation (43), the ω equation for the layer of grid closest to the 
wall is not solved.

(7) Use equation (44) to calculate and correct the turbulence vis
cosity on the wall instead of equation (18):

μt =
y+

u+
μ − μ (44) 

The effective viscosity of the fluid in the momentum equation is the 
sum of the molecular viscosity and turbulence viscosity.

It should be noted that when automatic near-wall is implemented, 
the wall boundary conditions of k equation and ω equation need to be 
changed, and the normal 1st order derivative equals zero at the wall.

When solving the fluid–solid whole field, the turbulence model is 
applied to the fluid only, so the turbulence model needs to be supple
mented by following practices: 

(1) The distance from the center of each element of the fluid to the 
fluid–solid interface is solved by direct traversal instead of the 
differential equation method in the Section 2.5.

(2) At initialization, the solid element has no turbulent fluctuation 
kinetic energy and no specific dissipation rate, so the turbulent 
fluctuation kinetic energy of the solid element should be set to 
zero and the specific dissipation rate should be set to 1.

(3) In the process of solving the turbulent fluctuation kinetic energy 
equation and the specific dissipation rate equation, the turbulent 
fluctuation kinetic energy of the solid region is kept at zero and 
the specific dissipation rate is kept at 1.

(4) The effective viscosity of the fluid is the molecular viscosity plus 
the turbulent viscosity calculated by the turbulence model, while 
the effective viscosity of the solid is still a large value of 1035.

(5) The wall function is implemented only for the fluid–solid inter
face and its corresponding fluid elements.

2.7. Solution domain and mesh generation

Because of the symmetry, half of the nozzle in is taken as the solution 
domain (Fig. 1). In the circumferential direction an arc region is taken as 

the solution domain [23]. The shape of the nozzle is complex, in order to 
accurately locate the inner wall surface of the nozzle, that is the fluid
–solid interface, a mixed triangular and quadrilateral mesh is used for 
calculation. Near the fluid–solid interface, the quadrilateral structured 
mesh is used at the fluid side, and the triangular unstructured mesh is 
used for the outer fluid region and the whole solid region. Structured 
grids are arranged and encrypted on the fluid side at the fluid–solid 
interface. The fluid side arrangement of the structured grids is to ensure 
the accuracy and stability of fluid turbulence calculation. The grid sys
tem around the fluid–solid interface of the nozzle is shown in Fig. 6 with 
a local enlargement of the fluid-side of a near wall region. In order to 
accurately simulate the turbulent flow and heat transfer process at the 
inner wall of the nozzle, the non-dimensional distance of the first mesh 
near the wall of the fluid is set y+ ≈1. According to the results of the grid 
independence test, the mesh number of the nozzle without considering 
solid region is determined to be 10946, and the mesh number of the 
whole region considering solid region is determined to be 30875.

It should be noted that near the nozzle wall in the fluid side the 
adopted structural mesh is conducive to the calculation of turbulent flow 
and makes it easy to obtain the first derivative at the interface, which 
facilitates the calculation of the temperature gradient at the interface, 
and hence heat flux and heat transfer coefficients, being favorable to the 
stability of the flow field solution of subsequent time. To the authors’ 
knowledge such kind of combined grid system for the interface region of 
SRM nozzle is firstly adopted by the present paper in the public 
literatures.

2.8. Initial and boundary condition

For the fluid, as indicated above it is solved as a steady state, and the 
initial value of pressure during the iteration is static pressure and the 
initial value of temperature is static temperature. While for the solid, it is 
solved as an unsteady state, and the initial condition of the temperature 
is 300 K. As shown in Fig. 7, The nozzle inlet boundary conditions are set 
as follows, the total pressure is 3950000 Pa, the static pressure is 
3949600 Pa, and the total temperature is 3540.3 K. The nozzle outlet 
boundary condition is the supersonic outlet. The lower boundary is an 
axisymmetric boundary, the radial velocity is set to zero, and the other 
parameters are zero gradient normal to the boundary. The upper 
boundary is the outer wall of the nozzle, which is set as adiabatic. When 
using the conjugated method, the fluid–solid interface is treated as the 
interior of the calculation area, so no boundary conditions are set for the 
inner wall surface.

For the SST k-ω turbulence model, the inlet boundary is a fixed value 
boundary, the values of k and ω of the inlet are determined by the 

Fig. 6. Total mesh and local mesh around nozzle inner wall.
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turbulence intensity and turbulence viscosity ratio, and the outlet 
boundary is set to local unidirectional at supersonic speed. The flow 
medium in the nozzle is air, and its molecular viscosity is 9.2 × 10-5Pa⋅s. 
Solid materials are the commonly used thermal protection materials, 
and they have different specific heat capacity, density and thermal 
conductivity according to different locations. The region around the 
throat is carbon–carbon (C/C) material, which has the maximum ther
mal conductivity of the nozzle solid part, a low density and a high 
ablation resistance [24].

3. Results and discussion

3.1. Verification

In order to verify the accuracy of the self-developed code, we first 
calculate the two-dimensional axisymmetric flow and heat transfer in a 
nozzle without considering solid region, by using the above compress
ible SIMPLE algorithm and the SST k-ω turbulence model to obtain the 
temperature, Mach number and pressure distribution of the flow field. 
Then we compare the temperature and Mach number at the central axis 
with the simulation data of ANSYS Fluent under the same conditions 
including the grid system. The comparisons of the two results are shown 
in Fig. 8 and Fig. 9 for the temperature and Mach number respectively. 
The maximum relative deviation of temperature and Mach number at 
the central axis is 2.1 % and 1.56 %, respectively.

The comparison of the two results of pressure and velocity are shown 
in Fig. 10 (a), (b). The maximum relative deviation of pressure and 
velocity magnitude at the central axis is 1.03 % and 1.27 %, respectively. 

The deviations are acceptable, which proves the validity and reliability 
of the self-developed code.

It can be seen that the pressure, temperature, velocity and Mach 
number of the fluid change little in the nozzle convergence section, but 
the pressure and temperature of the fluid decrease rapidly when passing 
through the throat and expansion section, the velocity and Mach number 
increase rapidly, and reach the maximum velocity and Mach number at 
the outlet. That is, the gas at high temperature and high pressure ex
pands and accelerates through this part of the nozzle, and the thermal 
energy of the fluid is converted into kinetic energy.

The distribution of the turbulent fluctuation kinetic energy in the 
studied nozzle is shown in Fig. 11. We can find that there is little dif
ference in the turbulent fluctuation kinetic energy in the main stream 
region, but it becomes larger at the wall surface of the throat and 
expansion section, indicating that on the entire nozzle flow is highly 
turbulent and with the increase in main flow velocity near the wall re
gion due to the wall damping effect the flow becomes much more 
turbulent.

3.2. Conjugated solutions

In the actual fluid–solid coupling heat transfer in nozzle, since the 
fluid flow has very short time constant, it can very soon go into steady 
state. While the heat conduction in solid is a diffusion process and runs 
slowly [11]. To capture the variation details in solid (where the ablation 
may occur when the local temperature is larger than a certain value), the 
solid heat conduction simulation should take very small time step. The 
fluid flow will very soon go into steady state, then this flow field is used 
to accompany the unsteady solution in the nozzle solid part. In this study 
we adopted such solution method.

The results presented below has the Reynolds number based on the 
inlet radius at the time of initialization is 32908.

To get the solutions of the fluid, different time steps were tries and 
their results were compared. Finally, the time step of 0.00001 s is 
adopted to calculate the fluid velocity field. In addition, after time- 
independent examination, a time step 0.5 s is adopted for the temper
ature field simulation in solid heat conduction.

The converged solutions of the fluid and the solid temperature dis
tributions at the end of a very small time step (0.00001 s) are presented 
in Fig. 12. At this time instant, the fluid flow has reached steady state, 
and the heat transfer from fluid to solid is so small such that the near 
interface solid temperatures remain the initial values.

Shown in Fig. 13(a), (b) are the fluid and solid temperature distri
butions after 20 time steps (i.e, 10 s) and 40 time steps (i.e, 20 s), 
respectively. It can be seen that the fluid is conducting heat to the 
interior of the solid through the fluid–solid interface, and the tempera
ture of the solid gradually increases with time, showing the heat transfer 

Fig. 7. Schematic diagram of the boundary conditions of the nozzle.

Fig. 8. Distribution of the temperature and the temperature comparison on the central axis.
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process inside the nozzle.
Fig. 14(a), (b) are the velocity distributions after 20 time steps (i.e, 

10 s) and 40 time steps (i.e, 20 s), respectively. It can be seen that the 
velocity magnitude is increases not significantly in the converged sec
tion, but rapidly in the throat and the expansion section.

Finally, to further verify the proposed fluid–solid coupling methods 

and the effectiveness of the grid system shown in Fig. 6, the local 
convective heat transfer coefficient at the nozzle wall is determined by 
following equation: 

hg =
q

Taw − Tw
(45) 

Fig. 9. Distribution of Mach number and the Mach number comparison on the central axis.

Fig. 10. The pressure and velocity comparison on the central axis.

Fig. 11. The result of the turbulent kinetic energy.
Fig. 12. The converged solutions at the end of a very small time step.
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q = − λfluid

(
∂T
∂n

)

w
(46) 

where Taw is recovery temperature, Tw is the temperature at the inner 

wall surface, λfluid is the fluid thermal conductivity and 
(

∂T
∂n

)

w 
is the fluid 

normal derivative at the wall, determined by numerical temperatures at 
the near wall grids as follows: 
(

∂T
∂n

)

w
≈

Tfluid − Tw

Δn
(47) 

Taw = Tt

[(

1 + r
κ − 1

2
Ma2

)

/

(

1 +
κ − 1

2
Ma2

)]

(48) 

where Tt is the total temperature, κ is the specific heat ratio and κ = 1.4, 
Ma is the Mach number, and r is recovery coefficient and r =

̅̅̅̅̅
Pr3

√
where 

Pr is 0.84。
The local Cartesian grids shown in Fig. 6 makes the determination of 

the local first order normal derivative being very easy and accurate.
We have used this numerical method and the developed code to 

calculate the convective heat transfer coefficients based on the numer
ically predicted temperatures. The results are compared with Bartz 
equation, as shown in Fig. 15. As can be seen from the figure, qualitative 
agreement of the heat transfer coefficient distribution is achieved which 
further verifies the rationality of the conjugated solution method.

4. Conclusion

In this paper, based on the self-developed MHT software framework, 
a conjugated solution method is developed for both the fluid and solid 
regions, and the compressible SIMPLE algorithm and the SST k-ω tur
bulence model is used to get the velocity solutions. The major 

Fig. 13. The temperature distribution of the whole region at 10 s and 20 s.

Fig. 14. The velocity magnitude distribution of the whole region at 10 s and 20 s.
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contributions and conclusions can be summarized as follows: 

1. The conjugated solution method for both the fluid and solid regions 
of a two-dimensional axisymmetric flow and heat transfer in a nozzle 
is adopted. A detailed implementation process of the conjugated 
solution of compressible SIMPLE algorithm is provided, seemingly 
first in the public literatures

2. A mixed triangular and quadrilateral mesh system is proposed for the 
region around the fluid–solid interface, in which the quadrilateral 
structured mesh is used at the fluid side, and the triangular un
structured mesh is used for the outer fluid region and the whole solid 
region. The fluid side arrangement of the structured grids can ensure 
the accuracy of the 1st-oder normal derivatives calculation which 
affects the accuracy of heat flux predition and stability of simulation

3. It is found that for the nozzle simulated in this paper after 10 s 20 s, 
the heat is gradually transferred from the fluid to the interior of the 
solid with time, and the fluid temperature of the nozzle converged 
section is almost unchanged, while the fluid temperature in the 
throat and expansion section gradually decreases

4. The predicted temperature field is used to determine the local heat 
transfer coefficient along the nozzle wall and the results not only 
qualitatively agree with Bartz equation well, but quantitatively de
viations are mostly within 20 %, further showing the reliability of the 
present numerical methods and the MHT code.
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