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Abstract

Purpose — To present the detailed implementation processes of the IDEAL algorithm for two-dimensional
compressible flows based on Delaunay triangular mesh, and compare the performance of the SIMPLE and
IDEAL algorithms for solving compressible problems. What’s more, the implementation processes of Delaunay

mesh generation and derivation of the pressure correction equation are also introduced.
Design/methodology/approach — Programming completely in C++-.

Findings — Five compressible examples are used to test the SIMPLE and IDEAL algorithms, and the
comparison with measurement data shows good agreement. The IDEAL algorithm has much better

performance in both convergence rate and stability over the SIMPLE algorithm.

Originality/value — The detail solution procedure of implementing the IDEAL algorithm for compressible

flows based on Delaunay triangular mesh is presented in this work, seemingly first in the literature.
Keywords IDEAL algorithm, Compressible flow, Delaunay mesh generation
Paper type Research paper

Nomenclature

a coefficient in the discretized £ force per unit mass
equation h enthalpy per unit

b source term in the mass (=¢, 1)
discretized equation k kinetic energy per unit

cp specific heat capacity at mass (=3 u\z)
constant pressure m mass flux

d distance vector N1 the iteration times of the

I‘ E time step multiple first inner iteration

E; vector parallel to the vector N2 the iteration times of the
from owner node to second inner iteration
adjacent node n inner iterations times
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b pressure ¢ general variable

R gas constant e bp, Oy values of ¢ at the central,
Sp,.Sc arise from the source-term downstream and virtual
linearization of the form upstream nodes
Sy surface vector of cell face ~ AV cell volume
S¢ nominal source term
T temperature Subscrint
T ector perpendicular to S UbSCTIPLS
uf :,Jeloci tp P 7ot cell face
~ Y . N neighbors of primary cell P
u pseudo-velocity .
. P primary cell
a underrelaxation factor . .
. UD first-order upwind scheme
a, ay underrelaxation factor for HO high-order schemes
pressure correction and the g
momentum equation
Ty nominal diffusion Superscripts
coefficient ! correction values
P density 0 values from the previous
2 nominal density iteration
n dynamic viscosity * values of the present
A conduction coefficient iteration
T tangential stress

1. Introduction

Navier—-Stokes (N-S) equations are the foundation for flow problems, and so far only for
very simple cases they can be solved analytically (Wang, 1989, 1991). Over the past sixty
years, many numerical methods have been developed to solve the N-S equations. These
methods are mainly sorted into two categories. One is density-based method, which was
originally devised to deal with high-speed flows. Such methods treat density as a main
variable and the pressure is determined via the state equation. However, the density-based
methods are not suitable for low-speed flows, for which the coupling between pressure and
density is weak. Another category is pressure-based method in which pressure is taken as
primitive variable. Unlike the density-based method, in the pressure-based method the
continuity equation only acts as a restriction on velocity and pressure cannot be directly
solved from it. Thereby some special algorithm should be designed to deal with the
coupling between velocity and pressure.

Pressure gradient plays a significant role in driving fluid flow. Therefore, when the Mach
number is not too high, e.g. less than 4, pressure-based algorithms are the preferred choice for
solving flows (Moukalled and Darwish, 2000). A prevalent pressure-based algorithm is
SIMPLE, which was proposed by Patankar and Spalding originally for incompressible flows
(Patankar and Spalding, 1972). The SIMPLE algorithm has two assumptions: (1) the initial
velocity field and the pressure field are assumed separately, and the relationship between
them is neglected; (2) the influence of the velocity corrections of the neighboring cell on the cell
computed is ignored to simplify the solution procedure.

The two assumptions in the SIMPLE algorithm weaken the interconnection between
pressure and velocity and affect its convergence rate and robustness. SIMPLER algorithm
calculates the initial pressure distribution according to the initial velocity field, which
removes the first assumption (Patankar, 1981). Later SIMPLEC algorithm (Van Doormaal
and Raithby, 1984) was proposed which can partially eliminate the effect of the second
assumption. To remove the two assumptions simultaneously, CLEAR algorithm was
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proposed in 2004 (Tao et al., 2004). The convergence rate and robustness are highly improved
compared with the SIMPLE algorithm. A comprehensive comparison of robustness and
efficiency for SIMPLE and CLEAR algorithms with 13 high-resolution convection schemes in
compressible flows was conducted in Wang ef al. (2014). However, the robustness of CLEAR
is a bit weak. Then IDEAL algorithm was put forward in 2008 (Sun et al., 2008a, b). The
influence of neighboring velocity values is fully considered during the derivation of the
pressure equation in the IDEAL algorithm. In addition, the coupling between velocity and
pressure is guaranteed in the IDEAL algorithm by implementing two inner iterations. The
first inner iterative process aims to get an initial pressure field as close as possible to the result
of the current iteration level. The second inner iteration is to achieve the velocity field of the
current iteration level satisfying both the momentum and continuity equations to the greatest
extent possible. Hence its convergence rate and robustness are superior to all existing
pressure-correction algorithms (Sun ef al, 2008a, b) for the incompressible fluid flows.
However, the iteration times of the two inner iteration processes, denoted by N1 and N2,
respectively, cannot be specified @ priori and should be determined by try-and-error.

Although the above-mentioned pressure-based algorithms were initially designed for
incompressible flows, in the development of numerical simulation they have also been
extended to handle compressible problems. Early in 1977 Issa and Lockwood studied two-
dimensional subsonic and supersonic flows by the pressure based-method (Issa and
Lockwood, 1977). Then Van Doormaal ef al. (1987) and Karki and Patankar (1989) further
presented their extension work. Wang ef al. (2018) extended the IDEAL algorithm to
compressible flow with an adaptive method for determining the two parameters N1 and N2.

For simulating flows in irregular domains, the unstructured grids have their prominent
advantage. Extension of the SIMPLE-like pressure-based algorithms to compressible flow on
unstructured grids have been received great attention (Lien, 2000; Tsui and Wu, 2008).

In the context of the incompressible flow and heat transfer on the structured and unstructured
grids, the advantages of IDEAL over other existing algorithms have been comprehensively
demonstrated (Sun ef al,, 2008, b). The benefits of IDEAL have been widely confirmed, leading to
its wide applications (Desrayaud and Lauriat, 2009; Sun et al, 2009a, b, 2011a, b; Yu et al., 2019,
2020; Wang et al, 2021; Deng et al., 2017; Li et al., 2019; Sun and Tao, 2023). However, to the best of
the authors’ knowledge, the presentation and application of compressible IDEAL algorithm in the
unstructured grids have not been published in the literature.

In this paper, the implementation of compressible IDEAL algorithm on unstructured
collocated grids is presented in detail and a comprehensive comparison between IDEAL and
SIMPLE is conducted for five examples. In the following, the implementation processes of
Delaunay mesh generation, the discretization of governing equation and derivation of the
pressure correction equation are introduced in Section 2, and the solution procedure of
compressible IDEAL algorithm is presented in Section 3. Then in Section 4 comparisons of
convergence rate and robustness between SIMPLE and IDEAL algorithms are accomplished
by some classical compressible problems. Finally, some conclusions are given in Section 5.

The grids generations for the test models are coded by C++. The processes of numerical
simulations are implemented on the basis of software named multi-X heat transfer (MHT),
which is an in-house computational fluid dynamics (CFD) framework for solving multi-region
heat transfer and fluid flow.

2. Mesh generation and discretization of governing equations

2.1 Delaunay mesh generation

Mesh generation refers to the division of geometric regions into a finite number of geometric
elements. Unstructured grid has been widely used because of its high adaptability to complex
geometric regions. In this paper, the method to generate two-dimensional Delaunay



triangular meshes proposed by Yu ef al. (1999) is programmed in C++. The implementation
process is introduced briefly as follows:

(1) Giving the coordinates of the grid nodes on the boundary(ies) of the computational
domain in a counterclockwise direction. In the same way, giving the coordinates of the
vertices of a rectangle that can contain the computational domain.

(2) Using Bowyer—Watson algorithm to generate a group of initial triangles whose
vertices are composed of the nodes input in the first step.

(3) Removing triangles whose centroids are outside the computational domain to match
the boundary(ies).

After the above steps, the initial Delaunay triangulation is obtained. Next, the interior nodes
need to be inserted.

(4) Inserting nodes within the existing triangles in descending order of their
dimensionless circumcircle radius R,

(5) After each insertion of an interior node, R, for the existing triangles needs to be
recalculated. Repeat this step until max (%) < 1.

For the mesh generated by the above method, the three nodes of any cell are stored
counterclockwise. In MHT, the information of cells, nodes and cell faces are stored in the same
format of ANSYS FLUENT mesh files.

2.2 Discretization equations on unstructured grids

This paper solves steady compressible flows. The governing equations for steady two-
dimensional viscous compressible flow and heat transfer in the Cartesian coordinate are as
follows:

V-(pu) =0 @
V- (puu) :V'(nVu)+V~(17(Vu)Tf§nV~ul> — Vp+pf )
V-(pu(h+ k) =V-(AVT) + V-(z-u) + pf-u 3)

where p is the density, u is the velocity, 7 is the dynamic viscosity, p is the pressure, fis the
force per unit mass, / is the enthalpy per unit mass, % is the kinetic energy per unit mass, A is
the conduction coefficient, 7" is the temperature, and 7 is tangential stress.

The above governing equations can all be expressed as the following general transport
equation represented by the general variable ¢ (Patankar, 1980):

V- (pyu¢) = V- (ToV9) +S; @

where p,, is the nominal density, I'y is the nominal diffusion coefficient, Sy is the nominal
source term, and ¢ is the general variable which can be a scalar or a vector. The Mach number
in the simulated flow in this paper is not more than 3.4, and the diffusion viscosity is taken as
constant.

The terms in Eqn.(4) are, from left to right, convection term, diffusion term and source
term. Introducing /2 = ¢,7T and assuming c, as a constant, so the variable to be solved for
Eqn.(4) is temperature.

The generated two-dimensional Delaunay triangular mesh is schematically shown in
Figure 1. The finite volume method (FVM) is used to discretize the general equation on the
generated unstructured grids, and the discretized general equation is given by:
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Figure 1.

Sketch diagram of
owner/adjacent cells
and decomposition of
the surface vector of
cell face Sy

Note(s): n is the unit normal vector of the cell face, S,-is parallel to n,
Eis parallel to the vector from P to N, T} is perpendicular to S The
relationship among these three vectors is Sy = E, + T

Source(s): Created by author

appp = > andy +b ©)

neighbors

where ap,ay are coefficients, b is the source term, subscripts Pand N indicate the numbers of
the owner cell and its neighbor cells, respectively.

The underrelaxation treatment is organized into the solution process to enhance solution
convergence, and the final form of the discretized equation to be solved can be rewritten as:

o p = Z andy + b+ 1= )apfb?) ©)

a neighbors

where a is the underrelaxation factor and superscript O denotes the value obtained from the
previous iteration.
The discretization of the terms in Eqn.(4) is described as follows:

(1) Convection term

By applying Gauss’s theorem, the integration of the convection term becomes:

/QV'(quud’)dV j{%uqﬁdA prufsf¢f = me¢f @

faces faces

where subscript f indicates the value on cell face and the mass flux m, = p, u; Sy

In Eqn.(7) the determination of face variable ¢, and face velocity u are the two crucial
points in the discretization of convection term at collocated grids. They are described below
in order.

The face variables are related to the flow direction on the cell interface and can be regarded
as a function of adjacent cell values. The way of their determination is called discretized
scheme for convection term. According to Leonard (1988), many schemes can be expressed by
normalized variables formulation (NVF):

$¢¢U

Fa— ®



For the grid shown in Figure 2, we have:

- _ ¢C - ¢U
=5 by ®
— b—dy
= bs 19

where subscripts D, C, U are the downstream node, central node and upstream node,
respectively. In the unstructured grids, the definition of upstream node is a virtual node that
makes the central node C at the midpoint between U and the downstream node D. The value of
the virtual node U can be estimated as Moukalled ef al. (2016):

by~ dp— 2(V¢)c'dcp 11)

where d¢p is the distance vector from node C to node D (Figure 2).
Using deferred correction method (Kholsa and Rubin, 1974), the ¢, obtained by any
scheme can be written as:

b~ pup + <¢;,HO - ¢;,FUD> (12)

where the subscripts HO and FUD represent the values from high-order and first-order
upwind schemes, respectively. Substitute Eqn.(12) into Eqn.(7) yields:

Sty (o Jor+ (D) + (W)

faces out Jaces

Mass flux out of the owner cell will be added to ap, otherwise will be added to ap, and
S ms (@} o — By ) Will be added to b.

faces
In this paper, the FUD and monotone upstream-centered scheme for conservation laws

(MUSCL) schemes (Moukalled et al., 2016) are used to calculate @:
FUD: ¢, = ¢ (14)

Source(s): Created by author
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~ ~ 1
2¢C OS(ISCSZ
1 ~ 1~ 3
I [ —<he<s
MUSCL : ¢, = { 4 GV (15)
1 235051
ac others

In the collocated grids all variables and physical properties are stored at the cell center,
hence the interface velocity should be interpolated from cell center velocity. It is in this
interpolation special method should be used to ensure coupling between velocity and
pressure fields. In this paper the cell face velocity u is determined by the momentum-
interpolation method proposed by Rhie and Chow (1983) which can eliminate the
checkboard pressure field.

(2) Diffusion term

The central difference scheme is adopted to discretize the diffusion term. Using Gauss’s
theorem, its discretized form is expressed as:

/Qv (TyVe)dV = ]{Fd,qudA ~ > TH(V9),S; (16)

1) faces

Considering the relationship of Sy Erand Trin Figure 1 and using deferred correction method
following equation is obtained:

by — dp

[V(P),Sr =Ty .

|Ef| + 7 (V) Ty 17

The second term of the right hand of Eqn.(17) will be put into b term, and Ff% and ) Ff[li\';'l
o faces :

will be added to ay and ap, respectively. For a boundary face, ¢y, is replaced by the value on
the face, and dyp is the distance vector from cell center to the face.

(3) Source term

When the source term contains the variable to be solved, it needs to be linearized. For any
variable ¢ at the control volume P, its source term is linearized as follows (Patankar, 1980):

S¢ = Sp¢ + Sc 18)

where Sp and S are two constants for each control volume. Therefore, the discretization of
the source term is written as:

/ SydV ~ SppAV + ScAV (19)
Q

Sc is then added to the b term and Sp is either added to a, or b, depending on its value:
{dedP+SPAV,b=b+ScAV SDSO

b=0b+Sp"AV + ScAV S, >0 0



In addition to solve the system of algebraic equations formed by the above discretization
process, it is necessary to supplement the state equation in order to fully describe the
compressible flow:

= pRT 1)

where R is the gas constant.

3. Solution procedure of the compressible IDEAL algorithm

3.1 Construction of pressure correction equation

The pressure correction equation in the compressible IDEAL algorithm is derived based on
the continuity equation. In this paper, the transient term is not considered, so the discretized
continuity equation is given by:

/V-(pu)dV = fpudA ~ prufo =0 (22)
Q o) faces
Both density and velocity consist of their previous values and corrections:
u=u’+u (23)
p=p"+p (24)
where the superscript ’ means correction values.
The expression of velocity correction is:
AV

u = —Vp' (25)
ap

while density correction is calculated from the state equation:
P
P =RT
By substituting Eqns.(25),(26) into Eqn.(22), it becomes:

b AV
> pousS=> pulSy + Zﬁugsf =>4 <Z>f(vp )Sr=0 @)

faces faces faces faces

In the derivation of Eqn.(27), the term including the product of 20’ has been neglected
because it is a higher order small quantity. Eqn.(27) is the FVM discretization of the pressure
correction equation which can be expressed as:

_LO/ _u. Oﬂ 'Y 7. (0,,0
V<RTup)7V(p apr) V- (p'u’) 28)

The term on the left of Eqn.(28) has the same form as the convection term, and its discretized
scheme affects the solution of the pressure correction equation for compressible flow (Zhang
et al., 2014). In the two terms on the right hand, the interface density should be interpolated
from the density at cell center. Considering the stability, the FUD scheme is used for interface
density in this paper.
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3.2 Two inner iteration processes

As indicated above the prominent future of the IDEAL algorithm is that it has two inner
iteration processes for pressure correction equation to overcome the two assumptions in
SIMPLE algorithm. To take the effect of velocities of neighboring cells into account, a pseudo-
velocity is used in the two inner iteration processes. The discretized momentum equation of
velocity # is given by:

apUp = Z ayuy — AVVp+b (29)

neighbors

For the previous iteration we have:
aput, = Z ayuly — AV’ +b (30)
neighbors
Rearranging Eqn.(30) to get the pseudo-velocity:

> anu — AVVE 4+ b
/1/\tp _ neighbors (31)
ap

The explicit form of Eqn.(29) is written as:
apuy, = Z ayuy — AVVp* +b (32)

neighbors

where the neighbor velocities have taken the previous values shown by the superscript 0 and
variables with the superscript * mean the value of the present iteration.
Subtracting Eqn.(30) from Eqn.(32), following equation is obtained:
* - A V /
w, =up ——V(p) (33)
@

where the relation of p* — p° = p has been used.

In the iterative solution procedure, there are two types of iterations, i.e. outer iteration and
inner iteration. The out iteration refers to the iteration to overcome the nonlinearity, that is
from one outer iteration to the next outer iteration the coefficients of the discretized
momentum equations are updated; however, the inner iterations are conducted to solve the
algebraic equations with fixed coefficients of discretized momentum equation (Tao, 2001).

In the IDEAL algorithm solution procedure of the discretized momentum equations, one
outer iteration consists of two inner iterations. The first inner iteration aims to get an initial
pressure field which is close to the result of the current iteration level at most. The procedure
of the first inner iteration is conducted through following steps:

(1) 2 and p*" ! which are initial values of this outer iteration (when 7 = 1) or obtained
from the previous inner iteration (when z > 1) are used to calculate the pseudo-velocity:

S ayul' T — AV 4b
/ﬁ};n _ neighbors (34)
ap

where the first number in the superscript indicates the first inner iteration process and the
second means inner iterations times.



©@ " p L and T° are employed to compute the coefficients and source term of the
pressure correction equation shown below:

. L’\Lﬂ/ _v. 1,;1—1ﬂ v, [ ln-11n
\Y (RTOM p) =V <p 4 Vp) \ (p u ) (35)

(3) Solve the pressure correction equation to correct pressure, velocity and density with the
value of pressure correction p'"

ﬁl'ﬂ :pl,n—l 4 app/l,n (373)
1n
1 — 1‘7_

T &)

ul,ﬂ _ /ﬁlﬂ _ A_va/l,n (37C)
ap

where ay, stands for the underrelaxation factor for pressure correction.

(4) Return to step (1) and take 2", p*" and p'”* as the known variables to re-solve the
pressure correction equation.

T*he first inner iteration process finishes after repeating above steps N1 times, at which stage
p=ptN is glsgd to solve the momentum equation and to calculate the intermediate density
by p =p'IRT.

Taking 1" as the initial value, the implicit momentum equation is solved with the
pressure p :

aputy, = Z ayuy — AVVD +b 38

neighbors

Another inner iteration process is needed because the solved intermediate velocity field 2"
from Eqn. (38) generally could not satisfy the continuity equation. The second inner iteration
process updates the velocity fields through the following steps:

(1) 22" which is the inteirmediate velocity (when # = 1) or obtained from previous inner
iteration, together with p are used to calculate the pseudo-velocity:

S ayut — AVVY +b
/di.n _ neighbors (39)
ap

where the first number in the superscript indicates the second inner iteration process and the
second means the number of calculations.

W) ﬁz'", p"and 7° are employed to compute the coefficients and source term of the pressure
correction equation. The pressure correction equation in the second inner iteration
processes is given by:

1 A2, _ . *A_V AT X w20
V(ﬁu p)_v<p apvp) V(pu ) (40)

(3) Solve the pressure correction equation to correct velocity with the value of pressure
correction p'%":
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Figure 3.
Solution procedure of
compressible IDEAL
algorithm

AV _
uZ‘n — u2.,n—1 _ _Vp/_,n
ap

(41)

(4) Return to step (1) and take #*" as the known variables to re-solve the pressure
correction equation.

The second inner iteration process finishes after repeating above steps N2 times, at which
stage 2™ is taken as the final velocity field of this outer iteration.

It should be reminded here that the discretized scheme for interface density should be the
same for convection term in the pressure correction equation. In this paper FUD is used for
both situations.

3.3 Overall process

The solution procedure of the IDEAL algorithm for the steady compressible problems is
shown in Figure 3. The meaning of each step can be clearly understood, so detailed literal
descriptions are omitted.

4. Verification and comparison of SIMPLE and IDEAL algorithms

SIMPLE and IDEAL algorithms are implemented by C++ programs based on the framework
of MHT. In this section, verification of code accuracy as well as comparisons of convergence
rate and robustness for the two algorithms are done by some classical two-dimensional
compressible problems including: viscous flow in a channel with a circular arc bump and
viscous flow through a planar Laval nozzle.
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Source(s): Created by author



For all cases employed in this work, mesh generation and the discretization of the equations
adopt the methods in Sections 2.1 and 2.2, respectively. Moreover, the discretized schemes for
the convection terms are MUSCL in the momentum and energy equations and FUD for the
convection term in the pressure correction equation. Additionally, all cases are laminar flow,
and details of boundary conditions and physical parameters are obtained from Rincon and
elder’s work (Rincén and Elder, 1997).

4.1 Viscous flow in a channel with a circular arc bump
This subsection contains four types of viscous flows including subsonic (Ma<0.7), transonic
035 < Ma < 14), supersonic (1.3 < Ma < 1.95) and higher-Mach-number flows
(25 < Ma < 34). The schematic diagrams of this problem are shown in Figure 4. The
channel length is three times of the height of the channel, and the chord length of the arc bump
is equal to the height of the channel. The thickness-to-chord ratio of the arc bump is 0.1 in
subsonic and transonic flows, and is 0.04 in supersonic and higher-Mach-number flows.
Before providing the detailed comparisons of the four cases the grid-independence test
and the best combination of values of N1 and N2 for the four cases are presented here. The
criteria for convergence are set as follows: the residual values of momentum and energy
equations are 1 X 107 for subsonic and transonic flows, and 1 X 107 for supersonic and
higher-Mach-number flows. Grid-independence tests are carried out by increasing the
number of cells until achieving grid-independent results. As shown in Tables 1-4, the mesh

—/L
Channel of subsonic and transonic flows

(@)

. @ —

Channel of supersonic and higher-Mach-number flows
(b)
Source(s): Created by author

The number of Delaunay Mach number at the center of the lower Deviation between adjacent
triangles wall examples

12,898 0.691 -

12,998 0.709 2.6%

13,198 0.711 0.282%

13,298 0.711 0.0

Source(s): Created by author
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Figure 4.
Sketch maps of two
channels

Table 1.
Grid-dependence of
subsonic flow




EC utilized for the cases of subsonic and transonic flows contains 13,198 Delaunay triangles, and

413 the mesh utilized for the cases of supersonic and higher-Mach-number flows contains 13,398
’ Delaunay triangles, as shown in Figure 5(a) and (b) respectively. The dense grid cannot be

displayed clearly. Thus, this paper only schematically shows the sparse grid, that is, the mesh
in the figure is not the actual mesh used in simulation.

642 The number of Delaunay The maximum Mach number at the Deviation between adjacent
triangles lower wall examples
12,898 1.358 -
12,998 1.360 0.147%

Table 2. 13,198 1361 0.0735%

Grid-dependence of 13,298 1.362 0.0735%

transonic flow

Source(s): Created by author

The number of Delaunay

The maximum Mach number at the

Deviation between adjacent

triangles lower wall examples

13,198 1.905 -
Table 3. 13,398 1.907 0.105%
Grid-dependence of 13,598 1907 0.0
supersonic flow Source(s): Created by author

The number of Delaunay The maximum Mach number at the Deviation between adjacent

triangles lower wall examples

13,198 3.363 -
Table 4. ’
G:}'g_gependeme of 13398 3365 0.0595%
higher-Mach- 13,598 3.366 0.0297%
number flow Source(s): Created by author

Mesh for subsonic and transonic flows
(a)

Figure 5.

Schematic diagram of
mesh of the channel b
with a circular (b

arc bump Source(s): Created by author

Mesh for supersonic and higher-Mach-number flows




At a fixed underrelaxation factor of the momentum equation a,,, multiple combinations of the
iteration times of the two inner iterations have been tested, and their time costs to reach
the expected residual value are compared to choose the best combination. According to the
previous work (Wang et al., 2018), the suggested values of the two inner iterations range from
1 to 4. It can be seen from Figures 6(a) and (b) that for the subsonic and transonic flow in the
channel with a circular arc bump, the iteration times of the first inner iteration is 4 and that of
the second inner iteration is 2. For the supersonic flow, the iteration times of the first inner
iteration is 3 and that of the second inner iteration is 2 as shown in Figure 6(c). However,
Figure 6(d) indicates that for the higher-Mach-number flows, the iteration times of the two
inner iterations are both 2.

4.1.1 Subsomnic flow in a channel with a circular arc bump. At the inlet, it is assumed that the
stagnation temperature is 315 K, the stagnation pressure is 101325 Pa and the Mach number
is 0.5. At the outlet, all the parameters are extrapolated except for the static pressure which is
fixed at 0.835 times of the total pressure.

The isolines of the Mach number for subsonic flow computed by SIMPLE and IDEAL
algorithms are shown in Figure 7, and they are in good agreement with the results of the
literature (Rincén and Elder, 1997).

Figure 8 presents the Mach number distribution along the walls in subsonic flow. The
horizontal coordinate x represents the vertical distance from the point to the inlet boundary

320
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surface. Moreover, the Mach number at the center of the upper and lower wall is displayed in
Table 5. The predicted Mach numbers agree with those presented by Rincén and Elder (1997)
very well.

4.1.2 Transonic flow in a channel with a circular arc bump. For transonic flow, the Mach
number at the inlet is 0.675 and the static-to-stagnation pressure ratio is 0.737 at the
outlet.

Table 5. IDEAL SIMPLE Reference
giigr%?rﬁegség an Mach number at the center of upper wall 0.563 0.563 0.564
lower wall in Mach number at the center of lower wall 0.711 0.711 0.710
subsonic flow Source(s): Created by author




Figure 9 presents the contours of the Mach number for transonic flow computed by SIMPLE
and IDEAL algorithm. It can be seen that the predicted results by SIMPLE and IDEAL
algorithms agree with each other quite well.

The predicted Mach number distributions along the walls are shown in Figure 10. It can be
seen that the inlet subsonic flow is first accelerated to supersonic speed and then decelerated
by a shock. The results of IDEAL algorithm are consistent with the literature (Rincén and
Elder, 1997), but the results obtained by SIMPLE algorithm have some deviations near
the shock.

The location of the shock and the maximum Mach number immediately before the shock
are displayed in Table 6. For the location of the shock, the relative deviation between the
result obtained by IDEAL algorithm and SIMPLE algorithm over the reference are 1.20 and
3.61%, respectively. For the maximum Mach number immediately before the shock, the
relative deviation between the result obtained by IDEAL algorithm and SIMPLE algorithm
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Table 6.

Shock position and the
maximum Mach
number in

transonic flow

over the reference are 0.29 and 1.98%, respectively. Again, the results of IDEAL agree with
Rincén and Elder (1997) a bit better than that of SIMPLE.

4.1.3 Supersonic flow in a channel with a circular arc bump. The geometry indicated in
Figure 4(b) is applied to the simulation of supersonic flow with an inlet Mach number of 1.65.
It is believed that the supersonic outlet has reached local unidirectional condition, so that all
variables at the exit are determined by extrapolation.

When using the SIMPLE algorithm to simulate this case, the residuals of the momentum
equation cannot reach to the expected residual value (1 X 107). For this reason, only the
results produced by the IDEAL algorithm are shown in Figure 11. Generally speaking, the
predicted results agree with Rincon and Elder (1997) quite well, with a maximum relative
error of 5.27% shown in Figure 11(c).

4.1.4 High-Mach-number flow in a channel with a circular arc bump. The computations for
the high-Mach-number flow are performed by setting the inlet Mach number to 3. It is to be
noted here that this paper takes the practice of Wang et al. (2014) that the flow with Ma larger
than 2 is called higher-Mach- number flow.

This case could not reach to the expected residual value (1 X 10~°) when using the SIMPLE
algorithm, thus only the results of IDEAL are presented. The results computed by the IDEAL

IDEAL SIMPLE Reference
Location of the shock 1.68 1.72 1.66
The maximum Mach number 1.361 1.392 1.365

Source(s): Created by author
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algorithm are shown in Figure 12. The Mach number distribution is almost the same with
Wang et al. (2014). The maximum Mach number appears at the rear edge of the bump, which
is 3.36 in Wang et al. (2014) and 3.31 in Figure 12.

4.2 Viscous flow through a planar Laval nozzle

The sketch map of a planar convergent-divergent nozzle and the grid network are presented
in Figures 13 and 14, respectively and the geometrical information is as follows. The total
axial length is 11.56 cm; the length of convergent section is 7.58 cm; the half-height of the inlet,
throat and outlet are 3.52, 1.37, and 2.46 cm, respectively. The mesh contains 10,580 Delaunay
elements are used after grid-dependence tests, and the result of grid-dependence tests of this
case is shown in Table 7. The inlet stagnation temperature is 300 K and stagnation pressure is
101325 Pa. A Mach number of 0.2 is defined at the inlet and the static-to-stagnation pressure
ratio is described as 0.1135 at the outlet (Rincén and Elder, 1997).
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The number of Delaunay Mach number at the center of Deviation between adjacent
triangles outlet examples

10,380 2.116 -

10,580 2119 0.142%

10,780 212 0.0472%
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Figure 15.
Comparison of
convergence rate at
different number of
inner iterations for flow
through a planar Laval
nozzle a,, = 0.2

Figure 16.
Isolines of the Mach
number for flow
through a nozzle

The same method shown in the previous examples is used to select the combination of the
iteration times of the two inner iterations for this problem. The expected residual value for
convergence is 1 X 107 for this case. As presented in Figure 15, the iteration times of the first
and second inner iteration are set as 4 and 2, respectively.

The distribution of Mach number obtained by the SIMPLE algorithm and the IDEAL
algorithm are given in Figure 16. The results of the two algorithms are almost identical.

The predicted distribution of the static-to-stagnation pressure ratio along the centerline of
the nozzle is provided in Figure 17. The solutions generated by the SIMPLE algorithm and the
IDEAL algorithm are in good agreement with the experimental data by Mason et al. (1980).
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It is to be noted here that even though in this paper the problems solve all of two dimensional,
the extension of the IDEAL algorithm to three dimensional cases is straight forward, as this
has been done for the incompressible problems (Sun ef al., 2009a, b, 2011b).

4.3 Performance comparison between SIMPLE and IDEAL algorithns
Evaluation of convergence rate and robustness for the SIMPLE and the IDEAL algorithms
are presented in this section.

The time cost to reach the expected residual value is used as the evaluation basis for
convergence rate, which is called “computing time” in the following content. The range of
underrelaxation factor that can obtain a convergent solution is employed as the measure of
robustness. In order to ensure the reliability of the comparisons, the same problem has been
simulated at the same other conditions (the same mesh, the same discretization scheme, the
same solution method for the algebraic equations, the same underrelaxation factor and the
same convergence criteria) except for the different algorithms.

To facilitate the comparison of robustness, the so-called time step multiple £ is adopted
which is defined as Wang et al. (2014):

E all

:l—au

(42)

where a, is the underrelaxation factor for the momentum equation. The underrelaxation
factor for pressure correction a,, is selected from:

a+a,=c 43)

In this work, the range of a,, is from 0.1 to 0.8 and the corresponding £ is from 0.11 to 4.0.
The range of ¢ is from 0.9 to 1.1 (Demirdzic et al., 1987; Peri, 1990). The computing time of
different problems using the SIMPLE algorithm and the IDEAL algorithm is presented in
Figure 18.
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Figure 18.
Computing time of
three types of problems
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Figure 18(a) indicates that for the subsonic flow in a channel with a circular arc bump, the
SIMPLE algorithm has convergent solutions when «a, ranges from 0.1 to 0.4, whereas the
IDEAL algorithm has convergent solutions when «,, ranges from 0.1 to 0.7.

Figure 18(b) presents the convergence of solutions for the transonic flow in a channel with
a circular arc bump. The range of underrelaxation factor is also 0.1-0.4 for the SIMPLE
algorithm and 0.1-0.7 for the IDEAL algorithm.

As for the supersonic and higher-Mach-number flows, the solutions of the SIMPLE algorithm
cannot meet the convergence criterion (the residuals of the momentum equation should be less
than 1 X 107%). While using the IDEAL algorithm, supersonic problem could obtain convergent
solutions at an a,, ranging from 0.3 to 0.8 with a,, < 0.5, and the solutions of high-Mach-number
problem are convergent at an a,, ranging from 0.5 to 0.8 without any restriction on aj.

Figure 18(c) shows that for flow through a planar Laval nozzle, the solutions of the
SIMPLE algorithm are divergent at an «a, larger than 0.5, but the solutions of the IDEAL
algorithm are convergent in the range of a,, from 0.1 to 0.8. These examples illustrate that the
IDEAL algorithm has better robustness than the SIMPLE algorithm.



Come here to present the ratio of computing time (denoted by tsmvipre/fipear) and the ratio
of the iteration times of the outer iterations (denoted by ispvprLe/iEar) between the SIMPLE
and IDEAL algorithm. The results are presented in Table 8. It can be concluded from the table
that the IDEAL algorithm has an appreciably higher convergence rate than that of the
SIMPLE algorithm.

Besides, it can be seen from Table 8 that for each case, the iteration number ratio is much
larger than the correspondent computing time ratio. This means that for each outer iteration
the IDEAL algorithm takes more time than that of the SIMPLE because of its double inner
iterations.

Finally, it is interesting to note that the IDEAL algorithm developed in this paper for
compressible flow also can be applied to the other type of unstructured grids, not necessarily
limited to the grids of Delaunay-type.

au
Ratio Problems 0.1 0.2 0.3 04 0.5
tsmpLe/fipear,  Subsonic flow in a channel with a circular arc bump 153 169 192 327

transonic flow in a channel with a circular arcbump 163 164 197 13

flow through a planar Laval nozzle 12 143 133 108 1.05
subsonic flow in a channel with a circular arcbump 379 414 553 7.82
transonic flow in a channel with a circular arc bump 4.6 42 3.8 35

flow through a planar Laval nozzle 385 405 36 273 271

Source(s): Created by author

ISIMPLE/IIDEAL

Delaunay
triangular
mesh

651

Table 8.
Comparisons of
computing time and
the iteration times of
iterations between
SIMPLE and IDEAL
algorithms

5. Conclusion

The detail solution procedure of implementing the IDEAL algorithm for compressible flows
based on Delaunay triangular mesh is presented in this work, seemingly first in the literature.
Meshes are produced by Delaunay triangulation method with C++, and the computations
are implemented based on MHT. Five classical two-dimensional compressible problems are
applied to evaluate the performance of the IDEAL algorithm, including convergence rate and
robustness, by comparing with the SIMPLE algorithm. Following two conclusions can be
summarized:

(1) Using the IDEAL algorithm, the efficiency can be improved by 69.2% in subsonic
flow over a bump, 49.25% in transonic flow over a bump and 30.07 % in flow through
a planar Laval nozzle.

(2) The IDEAL algorithm has an appreciable better robustness especially for the
supersonic and high-Mach-number flows in a channel with a circular arc bump for
which the SIMPLE algorithm cannot reach the pre-specified convergence condition.
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