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ABSTRACT

Different compact upwind schemes have been developed and used to numerically approximate a convection term in the Navier–Stokes
equation. With different point stencils, the compact upwind schemes are mainly classified as the central, the function-biased, and the
derivative-biased compact upwind schemes. They have different numerical characteristics. In this paper, by using Fourier analysis and
numerical test, it is found that the function-biased compact upwind schemes have better resolution properties than the derivative-biased
compact upwind schemes. Furthermore, an optimization method named dispersion-dissipation-balancing (DDB) optimization is proposed,
by which better spectral resolution of these schemes is obtained by optimizing coefficients of these schemes based on the balance between a
dispersion error and a dissipation error. Compared with the popular dispersion-relation-preserving (DRP) optimization method, the schemes
optimized by the DDB method have proper dispersion and dissipation errors. They eliminate both the nonphysical oscillations and spurious
vortices in the numerical case of the double shear layers flow. In addition, the central compact upwind scheme optimized by the DDB
method (OCCUS_DDB) has the best performance among the schemes studied in this paper.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0146773

I. INTRODUCTION

Fluid flow characteristics can be described by the Navier–Stokes
(N-S) equation, which is usually discretized and solved by numerical
methods. The discretization scheme of the nonlinear convection term
of the N-S equation significantly affects the accuracy and stability of
the numerical solution. Many discretization schemes of the convection
term have been proposed and widely used in different problems. The
high-order compact scheme can achieve high accuracy and high reso-
lution with few stencil points. It has attracted extensive attention since
Lele1 proposed the symmetric compact schemes and systematically
analyzed their resolution characteristics. It is to be noted here that the
term functioning the effect of fluid flow in the N-S equation is usually
termed as convection. When the N-S equation is reduced to an equa-
tion without the diffusion term, this term is called advection. In this
paper, we adopt the conventional practice and call it convection
throughout the paper.

The traditional difference scheme for the convection term, a kind
of spatial-explicit scheme, uses the combination of function values at
different locations to approximate the targeted first-order derivative
value. Differently, what the compact scheme approximates is the com-
bination of the first derivative values. The expression of a single

derivative cannot be given explicitly by function values, so the compact
schemes are spatial-implicit schemes. Compared with the spatial-
explicit finite difference schemes, the compact schemes can achieve
the same order of accuracy with a narrower stencil, reducing the work-
load of boundary discretization. In addition, when writing the compact
schemes in a matrix form, it can be found that the compact schemes
use much more points to approximate the derivative than the spatial-
explicit schemes,2–4 so the compact schemes have a higher spectral res-
olution. For these reasons, the compact schemes are widely used in the
numerical discretization of the N-S equation for solving the flows with
multi-scale structures, such as the direct and large eddy simulation of
turbulence flow or aeroacoustics process.5–10

When applying the symmetric compact central schemes to dis-
cretize the nonlinear convection term, the high wavenumber compo-
nents beyond the upper resolved limit will be wrongly regarded as the
low wavenumber components. This kind of error is termed aliasing
error, which will lead to spectral blocking, the accumulation of noise at
high wavenumbers. Due to the aliasing error, nonphysical oscillation
will occur and finally causes numerical instability. The compact
upwind schemes with inherent dissipation at the high wavenumber
region can dissipate the spectral blocking and depress the aliasing
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error.11 Therefore, the upwind scheme is preferable in the direct
numerical simulation of strong flow problems. The compact upwind
schemes can be expressed in the following general form:

Xs

k¼�r

aku
0
iþk ¼

Xq
l¼�p

bluiþl; (1)

where ak are the coefficients of the first-order derivatives; bl are the coeffi-
cients of functions; p, q, r, and s are the positive integers, which decide
the stencil of discrete points. In this paper, the compact upwind scheme
is divided into four categories according to the point stencil used: the
central compact upwind scheme (r ¼ s, p ¼ q), derivative-biased com-
pact upwind scheme (r > s, p ¼ q), function-biased compact upwind
scheme (r ¼ s, p > q), and all-biased compact upwind scheme (r > s,
p > q). Our study will be focused on the cases with u > 0, and extension
to the cases of u < 0 will be briefly mentioned in the later discussion.

The central compact upwind scheme (CCUS) uses the same sten-
cil as the symmetric compact central scheme, but its coefficients are
asymmetric. It can be constructed by adding extra dissipation to the
symmetric compact central scheme.2,12,13 For the compact upwind
schemes with the biased stencil, Fu and Ma14 proposed the derivative-
biased compact upwind scheme (DCUS), which has been further
developed in Refs. 15 and 16 and has been widely used in many
areas.16–20 The function-biased compact upwind scheme (FCUS) has
the same number of stencil points as DCUS, and its feature of the
biased function points is closer to the spatial-explicit upwind scheme
in form. To the best of the authors’ knowledge, it was not until Fan21

proposed the scheme named standard compact upwind scheme in
2016 that FCUS started being adopted in the numerical simulation of
incompressible flow problems.22–24 Therefore, one of the purposes of
this study is to compare the characteristics of these two types of biased
schemes. As for the all-biased stencil compact upwind scheme
(ACUS), the number of points used in this kind of scheme is the same
as the spatial-explicit central scheme with the same order; hence, the
scheme practically loses the advantage of compactness. Thus, we will
not go into the details of the ACUS in the following presentation.

The compact upwind schemes mentioned above all have a higher
resolution than the spatial-explicit upwind schemes. The resolution of
a scheme represents the capability to resolve the flow details in differ-
ent physical scales, which is more important than the order of a
scheme in the numerical simulation of flow with multi-scale struc-
tures. Usually, higher order schemes have a higher accuracy. However,
it is to be noted that the high-order scheme does not always have high
spectral resolution.1,25 Therefore, the compact scheme is often opti-
mized for high resolution by sacrificing the order. Lele1 proposed the
compact scheme of the fourth-order formal accuracy with a spectral-
like resolution, whose resolution characteristics are better than the
tenth-order scheme using the same stencil. Li26 constructed a series of
wavenumber-extended upwind-biased schemes with high resolution
for which the order is lower than that of the spatial-explicit upwind
schemes. De and Eswaran27 presented a high-resolution fifth-order
compact upwind scheme with five points for derivatives and 13 points
for functions. The order of these schemes is not very high, but they all
reach a resolution comparable to the spectral method. Numerous
studies1,15,27–32 were conducted to optimize the resolution properties
of compact schemes, among which the most commonly used method
is the dispersion-relation-preserving (DRP) optimization proposed by

Tam and Webb29 and improved by Kim and Lee.33 Various DRP
schemes have been widely adopted in numerical simulations.8,15,34–38

It is well known that the main errors in the discretization of the first-
order derivative are the dissipation error and dispersion error. The
dissipation error affects the amplitude of the solved wave, and the dis-
persion error affects the propagation velocity of the wave. The numeri-
cal solution of the predicted wave with excessive dispersion errors
cannot propagate at the correct speed, which will also bring nonphysi-
cal oscillations. The DRP scheme is designed to preserve the dispersion
relation over a considerable range of wavenumbers so that it can keep
the resolved components propagating at the correct physical speeds.28

In the study of Tam and Webb,29 the authors proposed a strategy for
dispersion and dissipation errors balance, in which the integration of
the dispersion and dissipation errors are combined as the objective
function by a weight coefficient. However, it is difficult to determine
the proper weight coefficient and integration limit in advance for dif-
ferent stencils. Moreover, in the subsequent research, such as Refs. 30,
32, and 38, the object function is often only related to the dispersion
error, and the dissipation error is hardly considered while performing
the DRP optimization. Whether this treatment of DRP will affect the
amplitude of the numerical results remains to be revealed.

As mentioned above, the compact upwind scheme possesses the
characteristics of high dissipation at the high wavenumber region,
which can decay the high-frequency nonphysical oscillations caused
by aliasing and dispersion errors. In this paper, three types of compact
upwind schemes are constructed, and the resolution characteristics of
the typical schemes are compared. In order to make a proper balance
between dissipation and dispersion errors, an optimization method is
proposed for optimizing the coefficients of these three types of
schemes. Also, comparisons are made with the DRP optimization
method by a spectral analysis, and a problem of the propagation of a
one-dimensional ramp signal is tested. Finally, the performance of six
optimized schemes and three typical schemes is tested by two classical
incompressible flow problems.

II. THREE TYPES OF COMPACT UPWIND SCHEMES
AND SPATIAL RESOLUTION

In this section, the general difference expression of three types of
compact upwind schemes including CCUS, DCUS, and FCUS is con-
structed. The spatial resolution of the typical schemes for these three
types of schemes is compared. Finally, the DRP optimization method
is applied to these schemes.

A. Construction of several compact upwind schemes

For convenience of explanation, the compact scheme with a
(3, 5) stencil (three points for derivatives and five points for functions
at most) is described here, and its unified form is

aj�1u
0
j�1 þ u0j þ ajþ1u

0
jþ1

¼ 1
h

bj�2uj�2 þ bj�1uj�1 þ bjuj þ bjþ1ujþ1 þ bjþ2ujþ2
� �

þm
h4

5!
u 5ð Þ
j þ n

h5

6!
u 6ð Þ
j ; (2)

where h represents the uniform mesh size and n and m are the coeffi-
cients of truncation error. From Eq. (2), it is obvious that this form of
scheme can reach sixth order at most.
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The coefficients for the compact upwind scheme depend on the
direction of local velocity. In this paper, we only discuss the condition
for uj > 0. For uj < 0, just turn the coefficients on the function side
into opposite signed numbers and then exchange the order of the coef-
ficients of the upstream and downstream points on both the derivative
side and function side, respectively, as shown in the following:

aj�1u
0
j�1 þ u0j þ ajþ1u

0
jþ1

¼ 1
h

bj�2uj�2 þ bj�1uj�1 þ bjuj þ bjþ1ujþ1 þ bjþ2ujþ2
� �

uj > 0;

(3)

ajþ1u
0
j�1 þ u0j þ aj�1u

0
jþ1

¼� 1
h

bjþ2uj�2 þ bjþ1uj�1 þ bjuj þ bj�1ujþ1 þ bj�2ujþ2
� �

uj < 0:

(4)

In the following, the way of how to derive the three types of com-
pact upwind schemes is introduced in detail.

If m ¼ 0, and the coefficients of the functions and derivatives in
Eq. (2) are all non-zero, then the scheme is the CCUS with at least
fifth-order accuracy. Seven equations with undetermined coefficients
are obtained by using the Taylor series expansion, and they are

0¼ bj�2 þ bj�1 þ bj þ bjþ1 þ bjþ2

aj�1 þ 1þ ajþ1 ¼�2bj�2 � bj�1 þ bjþ1 þ 2bjþ2

�aj�1 þ ajþ1 ¼ 1
2!

4bj�2 þ bj�1 þ bjþ1 þ 4bjþ2
� �

1
2!

aj�1 þ ajþ1ð Þ ¼ 1
3!

�8bj�2 � bj�1 þ bjþ1 þ 8bjþ2
� �

1
3!

�aj�1 þ ajþ1ð Þ ¼ 1
4!

16bj�2 þ bj�1 þ bjþ1 þ 16bjþ2
� �

1
4!

aj�1 þ ajþ1ð Þ ¼ 1
5!

�32bj�2 � bj�1 þ bjþ1 þ 32bjþ2
� �

1
5!

�aj�1 þ ajþ1ð Þ ¼ 1
6!

64bj�2 þ bj�1 þ bjþ1 þ 64bjþ2 þ n
� �

:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(5)

Solving these equations, the coefficients with a free parameter n can be
obtained,

aj�1 ¼ n
12

þ 1
3
; ajþ1 ¼ � n

12
þ 1
3

bj�2 ¼ � n
72

� 1
36

; bj�1 ¼ � n
9
� 7
9
; bj ¼ n

4
;

bjþ1 ¼ � n
9
þ 7
9
; bjþ2 ¼ � n

72
þ 1
36

:

8>>>>>><
>>>>>>:

(6)

Each value of the free parameter n corresponds to a specific scheme.
Specially, when n ¼ 0, the scheme is the sixth-order compact central
scheme (sixth-CCS) proposed by Lele.1 The coefficients of the sixth-
CCS meet the requirements of aj�1 ¼ ajþ1, bj�1 ¼ bjþ1, and
bj�2 ¼ bjþ2. Thus, it is a symmetric scheme, which is non-dissipative.
It will hereinafter be referred to as CCS.

If in Eq. (2) ajþ1 ¼ 0, the stencil is derivative-biased, which falls
to the second type of scheme, DCUS. There are six unknowns in the
DCUS, and it can reach the fifth order at most. For DCUS, the param-
eter n, which is the coefficients of the fifth-order term in the truncation
error, is decided by other coefficients in the difference expression.

Thus, the free parameter for DCUS is m. The other coefficients of the
DCUS can be obtained viam as follows:

aj�1 ¼ �m
6
þ 2
3
; ajþ1 ¼ 0

bj�2 ¼ m
24

� 1
12

; bj�1 ¼ 5m
36

� 11
9
; bj ¼ �m

4
þ 1;

bjþ1 ¼ m
12

þ 1
3
; bjþ2 ¼ � m

72
� 1
36

:

8>>>>>><
>>>>>>:

(7)

When m ¼ 0, the scheme is the fifth-order compact upwind scheme
proposed by Fu and Ma,14 which will hereinafter be called as SDCUS.
If m ¼ 4, the scheme is the fourth-order spatial-explicit central
scheme.

If in Eq. (2) bjþ2 ¼ 0, the stencil is function-biased, and the cor-
responding scheme is the FCUS. The following are the coefficients of
the FCUS:

aj�1 ¼ �m
4
þ 1
2
; ajþ1 ¼ m

12
þ 1
6

bj�2 ¼ m
18

� 1
18

; bj�1 ¼ m
4
� 1; bj ¼ �m

2
þ 1
2
;

bjþ1 ¼ 7m
36

þ 5
9
; bjþ2 ¼ 0:

8>>>>>><
>>>>>>:

(8)

When m ¼ 0, the scheme is the fifth-order standard compact upwind
scheme (fifth-SCUS) proposed by Fan,21 which will be hereinafter
called as SFCUS. If m ¼ 1, the scheme is the fourth-order compact
central scheme (fourth-CCS) proposed by Lele.1

B. Spatial resolution of the compact schemes

To quantitatively evaluate the error characteristics of these com-
pact schemes mentioned above, the first-order wave equation (advec-
tion equation) is analyzed by the Fourier analysis:

@u
@t

þ c
@u
@x

¼ 0; c > 0; (9)

where c is the constant phase speed. The Fourier transform of the solu-
tion is shown in the following equation:

u x; tð Þ ¼
ð
û k; tð Þeikxdk; (10)

where i represents the imaginary unit, i ¼ ffiffiffiffiffiffi�1
p

; k is the wavenumber,
which denotes the scales of the motion in flow problem, and high
wavenumbers correspond to small scales. The accurate first-order
derivative of u(x, t) is

@u
@x

¼
ð
ikû k; tð Þeikxdk: (11)

While for the finite difference method, the discrete fist-order derivative
can be expressed as

u0 ¼
ð
ikeqû k; tð Þeikxdk; (12)

where keq is the modified wavenumber. It can be seen from Eqs. (11)
and (12) that if keq ¼ k, there would be no error for the difference
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approximation; therefore, the modified wavenumber keq is a criterion
to evaluate the error of difference approximation.

Substituting Eqs. (10) and (12) in the difference expression [Eq.
(3)], Eq. (13) is obtained, and the formula to calculate the modified
wavenumber is shown in the following equation:

ikeqû aj�1e
�ia þ 1þ ajþ1e

�ia
� �

¼ 1
h
û bj�2e

�i2a þ bj�1e
�ia þ bj þ bjþ1e

ia þ bjþ2e
i2a

� �
; (13)

keq ¼ �i
1
h

bj�2e�i2a þ bj�1e�ia þ bj þ bjþ1eia þ bjþ2ei2a
� �

aj�1e�ia þ 1þ ajþ1e�ia
� � ; (14)

where a ¼ kh is the scaled wavenumber. Obviously, the modified
wavenumber is a complex function of scaled wavenumber, which can
be written as

keq að Þ ¼ kr að Þ þ iki að Þ; (15)

where krðaÞ and kiðaÞ represent the real part and the imaginary part
of the modified wavenumber, respectively.

Assuming that the temporal approximation is accurate enough,
the exact solution and numerical solution of Eq. (9) with the initial
condition, Eq. (16), are represented in the following equations:

u x; 0ð Þ ¼
ð
û k; 0ð Þeikxdk; (16)

u x; tð Þ ¼
ð
û k; 0ð Þeik x�ctð Þdk; (17)

u x; tð Þ ¼
ð
û k; 0ð Þeki að Þcteik x�kr að Þ

k ctð Þdk: (18)

The numerical solution is equivalent to the exact solution only if the
modified wavenumber satisfies the following conditions:

kr að Þ
k

¼ 1; (19)

ki að Þ ¼ 0: (20)

It can be observed from the comparison between Eqs. (17) and
(18) that the real part of the modified wavenumber kr relates to the
error in phase, while the imaginary part ki relates to the error in ampli-
tude. The amplitude error is called the dissipation error, and the phase
error is called the dispersion error. To get an unified non-dimensional
expression, Eqs. (19) and (20) can be rewritten as the following
equations:

kr að Þh ¼ a; (21)

ki að Þh ¼ 0: (22)

Thus, the error characteristics can be evaluated by the scaled modified
wavenumber keqh.

The error characteristics for the standard form of the three
types of compact upwind schemes are analyzed with the Fourier
analysis. The scheme with the free parameter being set to zero is the
standard form, which has the highest order of its type. The standard
forms of CCUS, FCUS, and DCUS are the CCS, SFCUS, and
SDCUS, respectively, mentioned in Sec. II A. The difference expres-
sions of the three standard schemes are shown in the following
equations:

CCS:

1
3
u0j�1 þ u0j þ

1
3
u0jþ1 ¼

1
36h

�uj�2 � 28uj�1 þ 28ujþ1 þ ujþ2ð Þ: (23)

SFCUS:

1
2
u0j�1 þ u0j þ

1
6
u0jþ1 ¼

1
18h

�uj�2 � 18uj�1 þ 9uj þ 10ujþ1ð Þ: (24)

SDCUS:

2
3
u0j�1 þ u0j ¼

1
36h

�3uj�2 � 44uj�1 þ 36uj þ 12ujþ1 � ujþ2ð Þ: (25)

It should be noted that the standard form of CCUS is not of upwind-
type scheme. It is widely adopted in the literature, hence listed here as
a reference scheme and termed it CCS rather than SCCUS.

The scaled modified wavenumbers of these three compact
schemes are shown in Fig. 1. In Fig. 1(a), the line kih ¼ 0 represents
the exact solution that is non-dissipative, and the deviations of other
curves from it represents the dissipation error. In Fig. 1(b), the dashed
line krh ¼ a represents the exact solution without dispersion error,
and the deviations of other curves from it represents the dispersion
error. In Fig. 1(a), the dissipation error of CCS equals zero over the
whole wavenumber range; thus, the amplitude term ekiðaÞct in Eq. (18)
is identical to one. Comparing Eqs. (17) and (18), it can be found that
the amplitude of the solution for all scales will be completely pre-
served. For SFCUS and SDCUS, the low-dissipative region is restricted
to the low-wavenumber part, and in the high-wavenumber part, both
compact upwind schemes have high dissipation errors. These charac-
teristics indicate that only the amplitude of solution for low wavenum-
bers can be retained and the small-scale structures, which correspond
to high wavenumbers will be dissipated. The SFCUS, which has a
wider range of low dissipation than the SDCUS, can resolve more
scales than SDCUS. On the other hand, from Fig. 1(b), it can be seen
that the dispersion errors of all three schemes in the high wavenumber
region are large, which means that the solution of small scales has
incorrect speeds and will finally result in numerical instability.

To evaluate the error characteristics of these schemes quantita-
tively, the maximum resolution wavenumber am is employed here as a
reference. Once the tolerance is given, the maximum resolution wave-
number am for the dispersion error is the maximum scaled wavenum-
ber that satisfies

jkr að Þh� aj
a

< e; (26)

while for the dissipation error, the requirement is

�ki að Þh < e: (27)

From Eqs. (26) and (27), it is known that the maximum resolution
wavenumber represents the wavenumber range of low dissipation or
low dispersion under a specific tolerance. For example, if the tolerance
is set to 1%, the dissipation or dispersion error can be limited under
1% for the wavenumber smaller than am. Therefore, a scheme with a
higher am is preferable.

The maximum resolution wavenumbers of the three standard
schemes under the tolerance of 0.5% and 0.1% are listed in Table I. As
mentioned above, the CCS is non-dissipative, and thus, its maximum
resolution wavenumber for low dissipation is p. Apart from the CCS,
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the values of am for low dissipation of the other two schemes are
smaller due to their inherent dissipation. The maximum resolution
wavenumber of these schemes for low dispersion are all smaller than
p, which indicates that the dispersion error is inevitable in the high
wavenumber region. In addition, whether the tolerance is 0.5% or
0.1%, the SFCUS has the highest resolution for low dispersion among
these three schemes, and its dissipation error is less than that of the
SDCUS. From the results of Fourier analysis, the SFCUS is superior to
the SDCUS.

III. THE PROPOSED OPTIMIZATIONMETHOD OF THE
COMPACT UPWIND SCHEME

In Sec. II, the three types of compact upwind schemes with differ-
ent stencils are introduced. The spatial resolution of the standard
schemes, which have the highest order of each type of scheme, is com-
pared. It should be noticed that the scheme with high order does not
necessarily have better resolution characteristics. Improving the reso-
lution characteristics of the schemes can capture smaller flow features
on the same mesh and get more accurate wave propagation speeds.
Therefore, in this section, an optimization method is proposed to opti-
mize the coefficient of the three types of compact upwind schemes to
improve the dispersion and dissipation characteristics at the same
time.

A. Dispersion-dissipation-balancing optimization
method

The scheme with dissipation error can effectively eliminate the
oscillations resulting from the dispersion error. However, the excessive
dissipation error will also dissipate the small-scale structures. A proper
range of dissipation error cannot only dissipate the nonphysical oscil-
lations but also retain the small scales as much as possible, which
requires that the dispersion error and dissipation error should be bal-
anced. Thus, the dispersion-dissipation-balancing optimization (DDB)
method is proposed in this section.

The DDB optimization is to find the optimal free parameters m
or n in Eq. (2), with which the schemes obtained satisfies

am;disp ¼ am;diss; (28)

where am;disp and am;diss are the maximum resolution wavenumbers
that satisfy Eqs. (26) and (27) under a given tolerance e, respectively.
Large am;disp represents large wavenumber range of low dispersion,
and large am;diss represents large wavenumber range of low dissipation.

The value range of the free parameters m and n should be deter-
mined. Figure 2 shows the corresponding maximum resolution wave-
numbers when the tolerance in Eqs. (26) and (27) is 0.1%. In the
figure, the value on the abscissa is the free parameter that represents a
specific scheme, and the value on the ordinate is the maximum resolu-
tion wavenumber, whose value represents the resolution of the
scheme. The blue line represents am;disp, and the red line represents
am;diss. Taking Fig. 2(a) as an example, n¼ 0 corresponds to the CCS,
of which the dissipation error is always zero. No matter how small the
tolerance value is, Eq. (27) can be satisfied in the whole wavenumber
range, so the maximum resolution wavenumber is p. When n< 0, the
maximum wavenumber that satisfies Eq. (27) is 0. It can be known
from Eqs. (6) and (14) that kih for CCUS is a continuous function
with kihð0Þ ¼ 0. Therefore, the value of kih must be larger than zero
for all wavenumbers. When kih > 0, the amplitude term ekiðaÞct in the

FIG. 1. Scaled modified wavenumber of the standard schemes: (a) the imaginary part and (b) the real part.

TABLE I. The maximum resolution wavenumber of the standard schemes for two
tolerances.

am �kih < 0:5% jkrh�aj
a < 0:5% �kih < 0:1% jkrh�aj

a < 0:1%

CCS p 1.42 p 1.10
SFCUS 1.21 1.73 0.89 1.35
SDCUS 1.08 1.35 0.79 1.03
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numerical solution [Eq. (18)] will gradually grow up as time goes on,
eventually leading to divergence. This property is called anti-
dissipation. Consequently, the scheme with positive imaginary part of
the scaled modified wavenumber (kih> 0) is unstable. When n> 0,
0 < am;diss < p, the scheme is dissipative. It can be concluded that the
CCUS is an upwind scheme only when n> 0. Similarly, the FCUS is
an upwind scheme under the condition of �2<m< 1, and for the
DCUS, the upwind requirement is �2<m< 4. Figure 3 presents the
imaginary part of the scaled modified wavenumber for different
schemes. As shown in the figure, apart from the three standard com-
pact schemes, the other five kinds of schemes of which the free param-
eter is out of the upwind range all have positive kih, which means the
anti-dissipation as previously stated. So, all these five schemes cannot
be stable. As a consequence, during the optimization process, the range
of the free parameters must meet the upwind requirements. Finding

the upwind range in advance can greatly reduce the workload of opti-
mization and avoid the schemes with anti-dissipation.

It can also be found in Fig. 2 that in the upwind region for a spe-
cific type of scheme, the dispersion error (blue lines) and the dissipa-
tion error (red lines) are often mismatched, that is, the scheme with a
lower dispersion error often has a higher dissipation error. Whether
the dispersion error is large or the dissipation error is large, the numer-
ical solution is inaccurate. It is reasonable to keep the small dispersion
error and dissipation error in the widest possible wavenumber region,
which is the original intention for the DDB optimization method.

The tolerance of the DDB optimization method in this paper is
selected as 0.5%. After optimization, the values of the optimal free
parameter determined for CCUS, FCUS, and DCUS are n¼ 1/2,
m¼ 1/3, and m¼�7/15, respectively. The corresponding coefficients
and the maximum resolution wavenumbers of the three DDB-
optimized schemes are listed in Tables II and III, respectively.

The spectral performance of the DDB-optimized schemes will be
tested in Sec. III B. In the optimization strategy proposed by Tam and
Webb,29 spatial and temporal discretization is considered simulta-
neously. However, the temporal derivative was discretized by a five-
time-level method, bringing three extra spurious modes. To avoid
these spurious modes, the third-order Runge–Kutta method is adopted
for temporal discretization in the present study.

For comparison purposes, the popular DRP optimization method
is adopted here. As mentioned in Sec. I, the main idea of DRP optimi-
zation is to maintain the dispersion relation at a relatively wider wave-
number region, and the optimization is often carried out with only the
real part of the modified wavenumber. In this work, to determine the
DRP coefficients, the second method of implementation in Ref. 38 is
adopted. The optimal free parameter for CCUS is n¼ 2.460, and for
FCUS and DCUS, the optimal parameters are m¼�0.080 and
m¼ 0.318, respectively. The coefficients of these three DRP schemes
are listed in Table IV.

B. Spectral analysis of the compact upwind schemes

The spectral analysis method for scheme performance analysis is
proposed by Sengupta and Ganeriwal2 and improved in Refs. 39 and
40. It analyzes the error characteristics for both spatial and temporal
discretization. For a better explanation, the same governing equation

FIG. 2. The maximum resolution wavenumbers of (a) CCUS, (b) FCUS, and (c) DCUS.

FIG. 3. The imaginary part of the scaled modified wavenumber for different
schemes.
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[Eq. (9)] is analyzed here, and the first-order Euler scheme is adopted
for the temporal discretization,

unþ1
j � unj
Dt

¼ �cdxuj; (29)

where dxuj is the difference approximation of @u=@x. Taking the
Fourier transform of the space–time independent variable u(x, t)
shown in Eq. (10), and bringing it into Eq. (29), the following equation
is obtained:

û k; t þ Dtð Þ � û k; tð Þ
Dt

¼ �c
1
h

ikeqh
� �

û k; tð Þ: (30)

Defining the amplification factor as G ¼ ûðk; t þ DtÞ=ûðk; tÞ, Eq.
(30) can be transformed to

G ¼ 1� Cr ikeqh
� �

; (31)

where Cr ¼ cDt
h is the Courant number. Obviously, G is also a complex

quantity, and it is a function of Cr and a: GðCr; aÞ ¼ GrðCr; aÞ
þiGiðCr; aÞ.

With the amplification factor and the initial condition [Eq. (16)],
the numerical solution of Eq. (9) can be easily obtained,

u x; tð Þ ¼ u x; nDtð Þ ¼
ð
û k; 0ð ÞGn kð Þeikxdk

¼
ð
û k; 0ð ÞjGjnei kx�nbð Þdk; (32)

where jGj is the magnitude of amplification factor: jGj ¼ ðG2
r þ G2

i Þ
1
2.

If jGj ¼ 1, there is no dissipation error in the spatiotemporal

discretization. nb is the argument with tan b ¼ �Gi=Gr , which is the
phase shift of the numerical solution that relates to dispersion error.
To better describe the dispersion error, the numerical group velocity
Vg,N is introduced. The group velocity is the velocity that the energy of
a convective system travels with Ref. 39. For the problem defined in
Eq. (9), the physical group velocity equals the phase velocity c.
Therefore, if Vg,N ¼ c, there is no dispersion error in the spatiotempo-
ral discretization. In addition, the region where Vg,N < 0 is prone to
q-waves, which are nonphysical waves.41 The q-waves have short
wavelengths and usually propagate against the physical velocity. They
are often manifested as nonphysical oscillations, significantly impact
the results, and even lead to divergence. The nondimensional numeri-
cal group velocity defined by Vg;N

c can be obtained by

Vg;N

c
Cr; að Þ ¼ 1

c
db=Dt
dk

¼ 1
Cr

db
da

: (33)

Next, the spectral analysis is applied to the compact upwind
schemes mentioned above. The attention is focused on the magnitude
of the amplification factor and numerical group velocity, which repre-
sents the dissipation error and the dispersion error, respectively. The
temporal discretization adopts the third-order Runge–Kutta method
proposed in Ref. 42. For this method, the amplification factor can be
computed by the following equation:

G ¼ 1� Aþ A2

2
� A3

6
; (34)

where A ¼ CrðikeqhÞ.
Figures 4 and 5 show the magnitude of the amplification factor

(jGj) and the dimensionless numerical group velocity (Vg,N/c) for three
kinds of CCUSs, respectively. In Fig. 4, the values shown by the board
number and attached to each curve are the values of jGj. The hatched
region at the left bottom corner is the neutrally stable region where the
magnitude of the amplification factor equals one. In this region, the
solution will not be amplified or attenuated. In Fig. 4(a), when
Cr< 0.014, jGj ¼ 1, and the CCS is neutrally stable for all wavenum-
bers. If 0.014<Cr< 0.871, this scheme shows little dissipation but is
still stable. If Cr> 0.871, the amplification is larger than 1, which
means that the solution will be amplified with time, finally leading to
divergence in long-time integration. The CCS is no longer stable when

TABLE II. Coefficients of DDB-optimized schemes (uj > 0).

Scheme aj-1 ajþ1 bj-2 bj-1 bj bjþ1 bjþ2

OCCUS_DDB 0.375 0.291 67 �0.034 72 �0.833 33 0.125 0.722 22 0.020 83
OFCUS_DDB 0.416 67 0.194 44 �0.037 04 �0.916 67 0.833 33 0.620 37 0
ODCUS_DDB 0.744 44 0 �0.102 78 �1.287 04 1.116 67 0.294 44 �0.0213

TABLE III. The maximum resolution wavenumber of DDB-optimized schemes under
the tolerance of 0.5%.

am �kih < 0:5% jkrh�aj
a < 0:5%

OCCUS_DDB 1.43 1.43
OFCUS_DDB 1.21 1.21
ODCUS_DDB 1.11 1.11

TABLE IV. Coefficients of DRP schemes.

Scheme aj�1 ajþ1 bj�2 bj�1 bj bjþ1 bjþ2

OCCUS_DRP 0.538 33 0.128 33 �0.061 94 �1.051 11 0.615 0.504 44 �0.006 39
OFCUS_DRP 0.52 0.16 �0.06 �1.02 0.54 0.54 0
ODCUS_DRP 0.613 67 0 �0.070 08 �1.178 06 0.9205 0.359 83 �0.032 19

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 045148 (2023); doi: 10.1063/5.0146773 35, 045148-7

Published under an exclusive license by AIP Publishing

 31 M
arch 2024 14:22:58

https://scitation.org/journal/phf


Cr> 0.871, so the critical Cr for the CCS is 0.871. For the two opti-
mized compact upwind schemes in Figs. 4(b) and 4(c), the neutrally
stable region is restricted to an area of low wavenumber and small Cr.
Even for a very small Cr, the schemes are dissipative at the high-
wavenumber region. Compared with the ODCUS_DRP, the
OCCUS_DDB, whose critical Cr is 0.984, has a larger area of stability.
In addition, the dissipation error of the OCCUS_DDB is smaller than
OCCUS_DRP in the stable region.

In Fig. 5, the values shown by the board number and attached to
each curve are the values of dimensionless numerical group velocity.
Here, attention should be paid to two regions. One is the region where
the dimensionless numerical group velocity is less than 0, and the
other is the DRP region where the dimensionless numerical group
velocity is close to 1. In the region with negative group velocity, the q-
waves will appear and interfere with the numerical results. When Cr is

small, all three schemes have negative group velocities in the high
wavenumber region. Only the OCCUS_DRP have the opposite
group velocity for all wavenumber range at large Cr. Still, the corre-
sponding Cr is larger than the critical Cr, which is determined to be
unstable in Fig. 4. Consequently, it seems that all schemes cannot
avoid the q-waves. On the other hand, in the DRP region, the dis-
persion error is small. It is undeniable that all three schemes have
nonnegligible dispersion errors. Among these schemes, the
OCCUS_DRP has the best dispersion characteristics. When Cr is
small, the OCCUS_DRP has the largest wavenumber range of low
dispersion error and the smallest wavenumber range of negative
numerical group velocity. It is not difficult to understand. After all,
the original intention of the DRP schemes is to minimize the disper-
sion error as much as possible, and it will correspondingly reduce
the requirement of dissipation error.

FIG. 4. The magnitude of amplification factor (jGj) of three CCUSs: (a) CCS, (b) OCCUS_DDB, and (c) OCCUS_DRP.

FIG. 5. The dimensionless numerical group velocity (Vg,N/c) of three CCUSs: (a), CCS (b) OCCUS_DDB, and (c) OCCUS_DRP.
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The error characteristics of FCUSs are shown in Figs. 6 and 7.
Due to the asymmetric stencil, the three FCUSs are all upwind
schemes. They do not have the all-wavenumber-range neutrally stable
region. The same phenomenon can be found in Figs. 8 and 9 for the
DCUSs, which also use the biased stencil. For FCUS, the DDB opti-
mized scheme has the largest stable range and the smallest dissipation
error. However, for DCUS, the DDB optimized scheme does not have
the best stability properties anymore. It may result from the strong
inherent dissipation of the derivative-biased stencil. It will cost more
to balance the dispersion and dissipation error, so the final balance
point is at a low-resolution position. Thus, the DDB optimization
method is not suitable for DCUS. Furthermore, it should be noted that
for both the standard and the optimized schemes, no matter which
optimization method is used, the FCUSs are superior to the DCUSs
for both stability and error characteristics.

In the following, the characteristics of OCCUS_DDB and
OCCUS_DRP are compared in detail by applying them to solve the
1D wave equation.

C. Solving 1D wave equation

In Sec. III B, the error characteristics are evaluated by a spatio-
temporal spectral analysis. In this subsection, the propagation of a
steep ramp signal following the 1D wave equation [Eq. (9)] is studied
to explain the results.

The computational domain is �15�x� 45, which is discretized
by 8192 uniform-arranged points. At the initial time, the ramp signal
with a slope of 6 starts from x¼ 14 and ends at x¼ 15. The phase
velocity is chosen as c¼ 0.5, and the images of the ramp signal at
t¼ 0, 3, 6 are plotted in Fig. 10. The third-order Runge–Kutta method
is used for time advancing, and the three CCUSs are used for spatial
discretization. The simulation is conducted under different Cr, and the
stability properties of three CCUSs obtained by the spectral analysis
are listed in Table V. Considering that the amplitude of the error is
small compared with the ramp signal when Cr is small, only the distri-
butions of the error defined as the difference between the exact solu-
tion and the numerical solution are discussed.

FIG. 6. The magnitude of amplification factor (jGj) of three FCUSs: (a) SFCUS, (b) OFCUS_DDB, and (c) OFCUS_DRP.

FIG. 7. The dimensionless numerical group velocity (Vg,N/c) of three FCUSs: (a) SFCUS, (b) OFCUS_DDB, and (c) OFCUS_DRP.
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Figure 11 shows the errors of the numerical solution by the three
schemes when Cr¼ 0.01. From the spectral analysis results, the CCS is
neutrally stable for all wavenumbers since Cr< 0.014. The amplitude
of the solution obtained by CCS should have been unchanged.
However, Fig. 11(a) shows severe spurious waves propagating along
the opposite direction of the ramp signal. As previously stated, these

FIG. 8. The magnitude of amplification factor (jGj) of three DCUSs: (a) SDCUS, (b) ODCUS_DDB, and (c) ODCUS_DRP.

FIG. 9. The dimensionless numerical group velocity (Vg,N/c) of three DCUSs: (a) SDCUS, (b) ODCUS_DDB, and (c) ODCUS_DRP.

FIG. 10. The propagation of a steep ramp signal.

TABLE V. The stability of three CCUSs at different Cr obtained by spectral analysis.

Cr 0.01 0.252 0.768 0.975

CCS Neutrally stable Dissipative Dissipative Unstable
OCCUS_DDB Dissipative Dissipative Dissipative Dissipative
OCCUS_DRP Dissipative Dissipative Unstable Unstable

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 045148 (2023); doi: 10.1063/5.0146773 35, 045148-10

Published under an exclusive license by AIP Publishing

 31 M
arch 2024 14:22:58

https://scitation.org/journal/phf


spurious waves are q-waves that result from negative numerical group
velocities. On the one hand, for all schemes mentioned in this paper,
the numerical group velocities at the high wavenumber range are all
negative when Cr is small. On the other hand, Cr cannot be too large
to ensure stability. Thus, the q-waves seem inevitable at the high-
wavenumber region for all schemes. However, as shown in Figs. 11(b)
and 11(c), these spurious waves do not appear in the solutions by
OCCUS_DDB and OCCUS_DRP. It is precisely because the upwind
schemes like OCCUS_DDB and OCCUS_DRP have inherent dissipa-
tion in the high wavenumber range that can attenuate the q-waves.
Since the q-waves will draw energy from the exact solution, leading to
nonphysical results and numerical instability, adding proper dissipa-
tion to suppress the q-waves is beneficial for the numerical simulation.
In addition, although it is not very obvious, it is worth noting that the
amplitude of the error for OCCUS_DDB is smaller than

OCCUS_DRP from the comparison of Figs. 11(b) and 11(c), which
reflects the advantage of OCCUS_DDB.

If Cr increases to 0.252, the CCS is not neutrally stable but dissi-
pative. The number of q-waves in Fig. 12(a) is fewer than that in Fig.
11(a), and it gradually decreases with time. If Cr increases to 0.768, the
q-waves almost disappear due to the increased dissipation. It reveals
again that the dissipation in the high wavenumber region can
effectively attenuate the nonphysical q-waves. From the discussion in
Sec. III B, the values of critical stable Cr for the CCS, OCCUS_DDB,
and OCCUS_DRP are 0.871, 0.984, and 0.744, respectively. For the
OCCUS_DRP, when Cr¼ 0.768, the magnitude of the amplification
factor at a portion of wavenumbers is larger than 1. The amplitude of
the waves with the corresponding wavenumber will be enlarged with
time. Consequently, as shown in Fig. 13(c), the amplitude of the error
for OCCUS_DRP at t¼ 1 is much larger than that of the ramp signal,

FIG. 11. The errors of three CCUSs for Cr¼ 0.01: (a) CCS, (b) CCUS_DDB, and (c) CCUS_DRP.
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finally leading to the divergence of the simulation. For CCS, when
Cr¼ 0.975, the error in Fig. 14(a) is also abnormally large and even
increases to the order of 108 at t¼ 3. These phenomena are in accor-
dance with the stability results from the spectral analysis presented in
Table V.

From what mentioned above, all the schemes in this paper will
theoretically generate the q-waves, and the scheme that is neutrally sta-
ble for the whole wavenumber range suffers much from the q-waves.
On the contrary, the scheme with dissipation in the high wavenumber
region can suppress the q-waves effectively. In addition, for CCUS and
FCUS, the scheme optimized by DDB has the largest range of stability,
which can help increase the time step and reduce the computation
time. When solving the 1D wave equation with a ramp signal, the
CCUS optimized by the DDB method is the most accurate and stable
scheme in this study.

IV. PERFORMANCE COMPARISON OF NINE SCHEMES
BY TWO TYPICAL FLOW PROBLEMS

In this section, Taylor Green vortex and double shear layers flow,
two typical cases of unsteady incompressible flow, are employed to test
the performance of the three standard compact upwind schemes
(CCS, SFCUS, and SDCUS), three DDB-optimized compact upwind
schemes (OCCUS_DDB, OFCUS_DDB, and ODCUS_DDB), and
three DRP optimized schemes (OCCUS_DRP, OFCUS_DRP, and
ODCUS_DRP) are compared.

A. Numerical model and discretization method

The Taylor Green vortex and the double shear layers flow can be
described by the dimensionless continuity equation and momentum
equation as follows:

FIG. 12. The errors of three CCUSs for Cr¼ 0.252: (a) CCS, (b) CCUS_DDB, and (c) CCUS_DRP.
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@ui
@xi

¼ 0

@ui
@t

þ uj
@ui
@xj

¼ � @p
@xi

þ 1
Re

@2ui
@x2j

;

8>>>><
>>>>:

(35)

where u is the velocity, p is the pressure, and Re is the Reynolds
number.

The two cases are all with periodic boundary conditions. The
projection method43 is adopted to solve the N-S equation. For spatial
discretization, diffusion and convection terms are discretized by the
sixth-order compact central scheme and the different compact upwind
schemes, respectively. For temporal discretization, the third-order
Runge–Kutta scheme is employed. The algebraic equations are solved
by the algebraic multigrid method. The initial conditions, Re, and

mesh information will be introduced in the discussion of correspond-
ing cases.

B. Taylor Green vortex

Taylor Green vortex is a benchmark case for unsteady incom-
pressible flow, and it is usually used to evaluate the reliability of a pro-
gram and the accuracy of a scheme.20,44 The computational domain in
the present study is a unit square (0 � x; y � 1). For the governing
equation [Eq. (35)], the initial condition is given as follows:

u x; y; 0ð Þ ¼ �cos 2pxð Þsin 2pyð Þ;
v x; y; 0ð Þ ¼ sin 2pxð Þcos 2pyð Þ;

p x; y; 0ð Þ ¼ � 1
4

cos 4pxð Þ þ cos 4pyð Þ
� � (36)

FIG. 13. The errors of three CCUSs for Cr¼ 0.768: (a) CCS, (b) CCUS_DDB, and (c) CCUS_DRP.
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and the Reynolds number is given as 1000. The analytical solution can
be obtained by using periodic boundary conditions in both directions
and is shown by the following equation:

u x; y; tð Þ ¼ �cos 2pxð Þsin 2pyð Þe�8p2
Re t ;

v x; y; tð Þ ¼ sin 2pxð Þcos 2pyð Þe�8p2
Re t;

p x; y; tð Þ ¼ � 1
4

cos 4pxð Þ þ cos 4pyð Þ
� �

e�
16p2
Re t :

(37)

In the present study, five different sizes of grids (8� 8, 16� 16,
32� 32, 64� 64, and 128� 128) are used. On the grid of 32� 32, all
nine schemes can approximate the analytical solution quite well. To
save space, only the results obtained by CCS on the grid of 32� 32 are
presented below.

Figure 15 is the contour map of u-velocity at different times. The
amplitude of u-velocity at the initial time is the largest, and it decays
with time due to the viscous dissipation, but the relative spatial distri-
bution remains unchanged. These properties are consistent with the
analytical solution. The u and v velocity components at different times
are illustrated in Fig. 16, in which the predicted velocities agree well
with the exact solution. To evaluate the error of all schemes quantita-
tively and calculate the convergence rate, the 2-Norm error defined as
Eq. (38) is adopted to measure the average deviation, and the 1-
Norm error defined as Eq. (39) is adopted to measure the maximum
deviation,

L2 ¼ ku� uexactk2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
i¼1

ui � uexactð Þ2
vuut ; (38)

L1 ¼ ku� uexactk1 ¼ max
1�i�N

jui � uexact j; (39)

where N represents the total element number.
The numerical error with different mesh sizes (8� 8, 16� 16,

32� 32, 64� 64, and 128� 128) obtained by nine compact schemes

FIG. 14. The errors of two CCUSs for Cr¼ 0.975: (a) CCS and (b) CCUS_DDB.

FIG. 15. Contour map of the u-velocity at different times.
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are evaluated by 2-Norm error and 1-Norm error, and the corre-
sponding results are illustrated in Fig. 17. The results for both errors
show the same variation trend, and the difference between the maxi-
mum and average error is slight. In these double logarithmic figures,
all the errors decrease linearly with a reduction in mesh size. The
slopes of the lines represent the convergence rate. Among all the
schemes compared, only the CCS is of the sixth-order accuracy, and
its error is also the smallest. Other schemes are all of the fifth-order
accuracy, among which the OCCUS_DDB has the minimum error.
These schemes are sorted in the descending order of error as

OCCUS DDB < OFCUS DDB < SFCUS < OFCUS DRP

< OCCUS DRP < ODCUS DDB < SDCUS < ODCUS DRP:

(40)

From the order list shown above, it is found that when the same opti-
mization methods are applied, the errors of FCUS are always smaller
than that of DCUS. It reveals again that the compact scheme with the
function-biased stencil is superior to that with the derivative-biased
stencil. On the other hand, when optimizing the schemes, no matter
what stencil adopts, the scheme optimized by the DDB method, which

FIG. 16. Velocity distribution at different time: (a) u velocity vs y at x¼ 0.5 and (b) v-velocity vs x at y¼ 0.5.

FIG. 17. Errors of different schemes: (a) 2-Norm error and (b)1-Norm error.
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considers both dissipation error and dispersion error, has smaller
errors than that by the DRP method.

C. Double shear layers flow

The second case is the double shear layers flow that was proposed
by Bell and Colella45 and analyzed in detail by Brown et al.46,47 It is a
classical case for testing the accuracy and resolution of a scheme, and
many other researchers used this problem to evaluate their proposed
schemes.17,20,32,48 The initial condition of the double shear layers flow
is

u x; y; tð Þ ¼
tanh q y � 0:25ð Þ½ � 0 � y � 0:5;

tanh q 0:75� yð Þ½ � 0:5 < y � 1

(

v x; y; tð Þ ¼ d sin 2pxð Þ;
(41)

where the parameter q decides the initial thickness of the shear layer
(the larger the q value, the thinner the shear layer), and d is the ampli-
tude of the initial disturbance. In this study, we chose d ¼ 0:05,
q ¼ 100, and the Reynolds number Re ¼ 18 000.

The initial condition is drawn in Fig. 18. The direction of initial
mainstream velocity u [Fig. 18(a)] changes twice, which results in large
velocity gradients and forms two shear layers shown in Fig. 18(c).
When the sinusoidal disturbance [Fig. 18(b)] is imposed on the y
direction, the shear layer will be distorted, forming two large vortices
in the layer. With the rolling up of the large vortices, the shear layer
between the two vortices will become increasingly thinner, which
causes larger difficulties for difference schemes to resolve the thin
layer.

The numerical simulation results of double shear layers flow with
nine different schemes are illustrated and compared. The double shear
layers flow is different from the Taylor Green vortex case in that it is
impossible to give an analytical solution of the governing equation
with the initial condition like Eq. (41). Therefore, the simulations are
conducted on the grids of 200� 200, 400� 400, and 800� 800,
respectively. On the grid of 400� 400, the results with all these
schemes are very close, and they are almost exactly the same based on
the grid of 800� 800. It is reasonable to regard the result on the grid
of 800� 800 as the reference solution.

Figures 19 and 20 illustrate the results obtained by three central
stencil compact upwind schemes at t¼ 0.8 and t¼ 1.3, respectively. As
shown in Fig. 19, the shear layer has been distorted by the perturba-
tion, forming large vortices at t¼ 0.8. Compared with the reference
solution, there are some nonphysical oscillations, which are marked
with red boxes in Fig. 19(a), near the large vortices when CCS is
applied on the grid of 200� 200. However, these oscillations do not
appear in the results with the two optimized schemes. As for
OCCUS_DRP, the thin shear layer between the two vortices seems to
be distorted, and there shows a tendency of forming a small vortex at
the position marked with the blue circle, which is not observed for
the cases with CCS and OCCUS_DDB. According to the reference
solution, it can be known that the vortex is not supposed to exist. It
is a kind of nonphysical or spurious vortex. At t¼ 1.3 (Fig. 20), the
shear layer keeps rolling up. With the growing up of the main vorti-
ces, the shear layer is dragged thinner. The potential spurious vortex
wrongly computed by OCCUS_DRP finally forms in Fig. 20(b).
However, for OCCUS_DDB, Figs. 19(c) and 20(c) show that the
results obtained by this scheme on the grid of 200� 200 are the clos-
est to the reference solution. Neither the oscillation nor the spurious
vortex appears.

The oscillations shown in Fig. 19(a) arise from the wrong dis-
persion relation, and these oscillations are dissipated by two opti-
mized upwind schemes [see Figs. 19(b) and 19(c)]. Nevertheless, the
spurious vortex between the two large vortices appears and grows
only in the simulation with OCCUS_DRP, indicating its formation
mechanism differs from the oscillations in Fig. 19(a). Considering
that the simulation results with CCS and OCCUS_DDB, which have
a larger resolution for the dissipation relation, do not suffer from
this problem, it is reasonable to assume that the spurious vortex at
the center of the shear layer resulted from dissipation error. To ver-
ify this idea, the same problem of double shear layers flow is simu-
lated by the spatial-explicit fourth-order central scheme (fourth-CS)
and the third-order upwind-biased scheme (third-US).49 The differ-
ence expressions and the modified wavenumbers of these two
schemes are listed in Eqs. (42)–(45). From the modified wavenum-
bers, we can see that these two schemes have the same dispersion
error and different dissipation errors,

Third-US:

FIG. 18. The initial state of double shear layers flow: (a) u-velocity along the y direction, (b) v-velocity along the x direction, and (c) vorticity contour.
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f 0i ¼
2fiþ1 þ 3fi � 6fi�1 þ fi�2

6h
; (42)

kih¼ 1
6
8 sina� sin 2að Þ; krh¼�1

6
3� 4 cosaþ cos2að Þ: (43)

Fourth-CS:

f 0i ¼
8 fiþ1 � fi�1ð Þ � fiþ2 � fi�2ð Þ

12h
; (44)

krh ¼ 1
6

8 sin a� sin 2að Þ; kih ¼ 0: (45)

The vorticity contours of the double shear layers flow computed with
fourth-CS and third-US are shown in Fig. 21. Similar to the results
obtained by CCS, nonphysical oscillations exist in the results with
fourth-CS because of the lack of dissipation. The shear layer between
two large vortices remains straight without spurious vortices in Fig. 21(a).
Figure 21(b) shows the results with third-US. As a kind of upwind

FIG. 19. Vorticity contours at t¼ 0.8 for (a) CCS, (b) OCCUS_DRP, and (c) OCCUS_DDB.
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scheme, the inherent dissipation of third-US effectively eliminated
the nonphysical oscillation, but at the same time, a large spurious
vortex appears at the central location between the two main vortices.
To further verify the above understanding, another pair of schemes,
which are the first-order upwind scheme (first-US) and the second-
order central scheme (second-CS), are compared for this problem.
The same conclusions are obtained. For the sake of simplicity, it is
not detailed. It can be concluded that the spurious vortices are

caused by the dissipation error, which provides theoretical support
for the DDB optimization method.

Furthermore, the simulation results of the double shear layers
flow based on SFCUS, SDCUS, as well as their optimized schemes, are
illustrated in Figs. 22–24. These six schemes are all of fifth-order accu-
racy; their order and the resolution for dispersion relation are all
higher than those of fourth-CS and second-US. However, the spurious
vortices only appear in the cases with these fifth-order schemes rather

FIG. 20. Vorticity contours at t¼ 1.3 for (a) CCS, (b) OCCUS_DRP, and (c) OCCUS_DDB.
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FIG. 21. Vorticity contours at t¼ 1.3 for
(a) fourth-CS and (b) third-US.

FIG. 22. Vorticity contours at t¼ 1.3 for
(a) SFCUS and (b) SDCUS.
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FIG. 23. Vorticity contours at t¼ 1.3 for
(a) OFCUS_DRP and (b) ODCUS_DRP.

FIG. 24. Vorticity contours at t¼ 1.3 for
(a) OFCUS_DDB and (b) ODCUS_DDB.
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than fourth-CS or second-US. It reveals again that the cause of spurious
vortices is related to dissipation error. By comparing Figs. 23(a) and
23(b) and comparing Figs. 24(a) and 24(b), we can see that no matter
which optimization method is adopted, the spurious vortices obtained
by the schemes with function-biased stencils are smaller than those with
derivative-biased stencils, which is because the dissipation error of the
FCUS is smaller than that of DCUS. On the other hand, compared with
the results obtained by the standard schemes (Fig. 22), the spurious vor-
tices calculated by DRP-optimized schemes (Fig. 23) even grow up a lit-
tle. On the contrary, the schemes with DDB optimization (Fig. 24),
which increases the resolution for dissipation relation, can suppress the
formation of spurious vortices and capture the thin layer better.

V. CONCLUSIONS

In this paper, the resolution characteristics of three types of com-
pact upwind schemes are analyzed. Also, a dispersion-dissipation-
balancing optimization method is proposed to optimize these schemes.
The main conclusions are drawn as follows:

1. The Fourier analysis shows that the standard form of FCUS has
a wider wavenumber range of low dissipation error and low dis-
persion error than DCUS. The spatiotemporal spectral analysis
proves that this conclusion is still valid for the optimized
schemes and for time-space independent problem.

2. In the proposed optimization procedure of the DDB method, the
dissipation error and dispersion error are considered simulta-
neously and kept in a proper balance. The spectral analysis indi-
cates that the DDB optimization method is more suitable for the
CCUS and FCUS, and the advantages of the DDB method are
proved by the solution of the propagation of a ramp signal gov-
erned by the 1D wave equation.

3. The schemes optimized by the DDB method are superior to
those optimized by the DRP method, in which the dissipation
error is hardly considered. For the Taylor Green vortex case, the
schemes optimized by the DDB method have smaller average
errors and maximum errors than the DRP-optimized scheme.
For the double shear layers flow case, the DDB-optimized
schemes have enough dissipation to eliminate the nonphysical
oscillation. They can effectively reduce and even totally suppress
the formation of the spurious vortex, while the DRP-optimized
scheme cannot.
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