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The Direct Simulation Monte Carlo (DSMC) method models fluid flows using simulation particles which
represent a large number of real molecules in a probabilistic simulation to solve the Boltzmann equation.
Different opinions still exist on some basic understandings of the controlling factors of DSMC method,
such as the proper grid dimension and the proper number of particles in a cell. In this contribution, DSMC
simulation of Poiseuille flow was carried out to evaluate the dependence of simulation results on cell
dimension and number of particles per cell. In the simulation process a self-adaptive block-structured
grid system was employed to guarantee that the number of particles per cell is constant. The simulation
covers both 2D and 3D, slip flow regime and transition flow regime, and for each regime, covers both high
pressure and low pressure cases. Our simulation results indicate that the number of particles per cell and
scaling factor have little influence on simulation result for both slip flow and transition flow when the
number of particles per cell is greater than 5, but the dimension of cell influences the accuracy of results
significantly. The error caused by cell dimension decreases with the decrease of cell dimension. It is con-
cluded that in the DSMC method it is necessary to ensure that the cell is less than 1/2 of molecular mean
free path.

� 2011 Elsevier Ltd. All rights reserved.
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1. Introduction

Due to the broad applications of micro-electro-mechanical-sys-
tems (MEMS) in various areas, there is an increasing demand for
better understanding the fluid flow characteristics involved in such
devices. With the development of computer technology, numerical
simulation plays an increasingly important role in such studies.
Traditionally, the analytical and numerical methods for fluid flow
problems are based on the Euler or Navier–Stokes equations with
the assumption that the fluid is continuous. However, with the de-
crease of flow field dimension, the rarefaction effect becomes non-
negligible and the predicted results obtained from equations that
treat the fluid as continuum become inaccurate.

The degree of rarefaction for gasses is usually expressed by
Knudsen number (Kn), which in some sense represents the ratio
of number of collisions between gas molecules and solid surfaces
and that of collisions among gas molecules themselves. Usually,
Kn is defined as the ratio of the mean free path k of molecules to
the characteristic length of flow field L.

Kn ¼ k=L ð1Þ

The mean free path is an important parameter in dilute gasses
which means the average length of track between collisions, and
can be obtained by the following equation [1].
ll rights reserved.
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o).
k ¼ 1= 2pd2n; with n ¼ P=kT; ð2Þ

where d is the molecule diameter, n the number density, and k the
Boltzmann constant. Note that Eq. (2) is applicable to both hard
sphere model and VHS model of gasses in equilibrium [1].Based
on Kn, gas flow is classified into four regimes [2]:

Kn < 0:001 : continuum flow
0:001 < Kn < 0:1 : slip flow
0:1 < Kn < 10 : transition flow
Kn > 10 : free molecule flow

The above definitions of flow regimes were proposed in the
years of 1950, in which the characteristic length was taken from
the flow field geometry. Further studies have shown that to deter-
mine the local Knudsen number in a field with strong gradient of
variables the characteristic length should be determined as follows
[3]:

KnGL ¼ maxðKnGL�q;KnGL�T ;KnGL�jV jÞ ð3Þ

with KnGL�Q ¼
k

Q local
jrQ j; ð4Þ

where Q represents fluid density, velocity or temperature.
In this study, the Poiseuille flow of rarefied gas is simulated,

where the gradients of velocity and density are not large. For such
a case it is a usual practice to take the flow field geometry as the
characteristic length [4].

http://dx.doi.org/10.1016/j.compfluid.2011.04.013
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Nomenclature

Kn Knudsen number
k mean free path (m)
L channel length (m)
d molecule diameter (m)
n number density
k Boltzmann constant
P Pressure (Pa)
Dt mean free time (s)
c0 most probable speed (m/s)
m mass of molecules (kg)

d mean molecular spacing (m)
f scaling factor
a dimension of cell (m)
c number of particles per cell
CFL Courant number
dt time step (s)

Subscripts
GL gradient

Fig. 1. Schematic of Poiseuille flow.
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Navier–Stokes equation based on the continuum assumption is
valid in the continuum flow regime and is also valid in the slip flow
regime by combining with slip boundary conditions. However, it
becomes invalid in the transition and free molecule regimes. DSMC
method developed by Bird [1] is the most useful method to simu-
late the flow field in these regimes. In this statistical method, the
fluid is treated as a collection of discrete particles. Each particle
moves and collides with each other or with the boundary. Due to
the limitation of computer resources, it is impossible to simulate
the move and collision of every molecule. Therefore, a representa-
tive particle in simulation is regarded as a representative of a large
number of real molecules. The number of actual molecules repre-
sented by a representative particle is called ‘‘scaling factor’’ in ref-
erence [4]. All the actual molecules represented by the same
particle are assumed to share the same mass, position coordinates,
velocity etc. Time and space discretizations are also necessary for
DSMC. For time discretization, the move and collision of particles
are uncoupled, that is, particles move during every time step and
then collide with each other after every time step; For space dis-
cretization, the flow field is divided into cells which serve two pur-
poses: First, collision pair is chosen within a cell; Second,
macroscopic properties are obtained in every cell.

Due to the characteristics mentioned above, DSMC simulation
results involve two kinds of errors [5]. First, a statistical error is in-
cluded due to the stochastic nature of DSMC method. This error de-
creases with the increase of the square root of the sample size. The
second error is the deterministic error caused by the scaling factor
and time and space discretizations. A lot of studies have been done
to improve the accuracy of DSMC numerical solution, including
minimizing the deterministic error. However, different opinions
still exist on some basic understandings of factors affecting the
simulation accuracy of DSMC, such as the proper grid dimension
and the proper number of particles in a cell.

Bird [1] and Oran et al. [6] proposed that the cell size should be
less than the mean free path in every spatial direction, while in an
area with large gradients, the ratio of cell dimension to mean free
path should be no greater than 1/3 in the gradient direction. Re-
cently, the Green–Kubo relations were used to quantitatively eval-
uate the effects of the cell size on the simulation accuracy. With
this method, Alexander et al. [7,8] have found that the relative er-
ror of the predicted viscosity for hard sphere model is 23% when
the ratio of cell dimension to mean free path is 1, 5.7% when the
ratio is 1/2, and 2.5% when the ratio is 1/3. Based on the same
method, Hadjiconstantinou [9] evaluated the dependence of simu-
lation results on time step and concluded that the relative error of
viscosity is 6.8% when the ratio of time step to mean free time is 1,
1.7% when the ratio is 1/2, and 0.75% when the ratio is 1/3. The
mean free time is obtained by Dt ¼ k=c0, where c0 is the most prob-
able speed given by c0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2kT=m

p
, with k being the Boltzmann

constant and m the mass of molecules.
As to the proper number of particles in a cell for DSMC, the

difference in opinions is also conspicuous. Liou and Fang [10]
investigated the heat transfer characteristics of super sonic flow
in micro channels with only two particles in a cell, while Chen
and Boyd [5] studied statistical error of DSMC with dozens of par-
ticles per cell. Bird [11] studied this problem by an analytical meth-
od and indicated that 7 is the optimum number. If the number
exceeds 7, the error is very small, but if lower than 7, the error be-
comes large. Shu et al. [4] studied Poiseuille flow for rarefied gas by
numerical simulation. They systematically investigated the effects
of both the particle number per cell and scaling factor for different
flow regimes and concluded that for slip flow, the particle number
per cell should be greater than 20 and scaling factor should be less
than 1010. For transition flow, the particle number per cell should
be larger than 10 and the maximum scaling factor is 109. The grid
dimension used by Shu et al. was kept constant in the entire flow
field during the simulation, while the flow field density changes in
two aspects: first, the density changes significantly from inlet to
outlet in the flow field, and second, the density in the same posi-
tion changes during the evolution of the simulation process. Thus,
in their method, the number of particles within different cells can
be very different from each other, and even in the same cell, the
density also changes with time.

The major purpose of the present paper is to further clarify the
confusion in proper grid dimension and proper number of particles
in a cell for DSMC simulations. A self-adaptive block-structured
grid system is developed in this paper with the Poiseuille flow as
an example. In the following, some numerical aspects related to
DSMC will first be presented, followed by the numerical results
of Poiseuille flow in 2D and 3D cases. Finally some conclusions will
be drawn.
2. Numerical aspects

Poiseuille flow (Fig. 1) is taken as an example to investigate the
proper cell and number of particles for DSMC in both slip flow re-
gime and transition flow regime. For low speed microchannel
flows, pressure contours are perpendicular to the wall of channel
(Cai et al. [12]), and the temperature changes slightly within the
channel. From the equation P = nkT, we can conclude that the num-
ber density also changes slightly in the direction perpendicular to
the wall. Considering the characteristics above, we use square grid
that keeps constant in the spanwise direction but changes in the
streamwise direction. Thus the grid dimension should also be



Table 1
Working conditions for simulation of 2D cases.

Case Inlet pressure Outlet pressure Inlet Kn Outlet Kn Length (lm) Height (lm) Scaling factor Regime

1 1.2 atm 0.5 atm 0.045 0.10 8 1 6.E8 Slip
2 300 Pa 100 Pa 0.031 0.088 4800 600 2.E11 Slip
3 2.0 atm 0.4 atm 0.11 0.52 2 0.25 1.E8 Transition
4 800 Pa 100 Pa 0.28 2.1 200 25 2.E9 Transition
A1 1.2 atm 0.5 atm 0.045 0.10 8 1 3.E8 Slip
A2 300 Pa 100 Pa 0.031 0.088 4800 600 1.3E11 Slip

Table 2
Working conditions for simulation of 3D cases.

Case Inlet pressure Outlet pressure Inlet Kn Outlet Kn Length (lm) Width (lm) Height (lm) Scaling factor Regime

1 1.5 atm 0.5 atm 0.018 0.052 8 1 1 11 Slip
2 300 Pa 100 Pa 0.015 0.044 4800 600 600 2.6E6 Slip
3 2.0 atm 0.2 atm 0.054 0.52 2 0.25 0.25 1 Transition
4 1000 Pa 100 Pa 0.11 1.1 200 25 25 1560 Transition

Fig. 2. Self adapting block structured grid system for 2D.

Fig. 3. Self adapting block structured grid system for 3D.
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evolved during the simulation process so that the number of parti-
cles within a cell can be fixed at the preset number. The numerical
details are described as follows.

2.1. Pressure condition

First consider the pressure. The average volume occupied by a
molecule is 1/n, so the mean molecular spacing d is given by
d = n�1/3 in the 3D case. The DSMC method is valid for dilute gas
for which the ratio of the mean molecular spacing d to the molec-
ular diameter d should be larger than 7 (Bird [1]). However, the so
called ‘‘dilute gas’’ covers a large pressure scope, ranging from vac-
uum to several atmospheric pressure. So every flow regime in this
simulation is further divided into two categories—the high pres-
sure, which is of several atmospheric pressure, and low pressure,
which is of hundreds of Pascal.

2.2. Simulation condition and scaling factor analysis

The simulation cases are listed in Table 1 for 2D cases and Ta-
ble 2 for 3D cases, respectively. From these tables, it can be seen
that at the same pressure level, scaling factor of transition flow re-
gime is much smaller than that of the slip flow regime. This can be
explained as follows. Take the 2D case as an example for analysis.
Let the scaling factor and the dimension of cell be represented by f
and a, respectively. Assuming that the shape of cell is square, then
the number of particles in a cell is a2n/f. If the number of particles
in a cell is constant (represented by c), then the dimension of a cell
is a ¼

ffiffiffiffiffiffiffiffiffiffi
cf=n

p
. Inserting Eq. (2) into the above equation, we obtain:

f ¼ 1

2cp2d4 �
a
k

� �2
� 1
n

ð5Þ

Thus, if the ratio of cell dimension to mean free path (a/k) and
number of particles per cell (c) are approximately kept constant
for high pressure and low pressure cases, the scaling factor de-
crease with the increase of number density, or density. So the scal-
ing factor of Case 2 and Case 4 is larger than that of Cases 1 and 3 in
Table 1, respectively.

From Eq. (5) we can also obtain a=k ¼
ffiffiffiffiffiffiffiffi
2cf

p
pd2 �

ffiffiffi
n
p

, which
means that with the prerequisite that scaling factor and number
of particles per cell keep constant in one simulation, a/k decreases
with the decrease of density. As mentioned above the fluid density
decreases from inlet to outlet in Poiseuille flow, thus a/k decreases
from inlet to outlet.

The same analysis can be made for the 3D case.



Fig. 4. Cross-section velocity at x = 5 lm of Case 1 for 2D.

Fig. 5. Cross-section velocity at x = 3000 lm of Case 2 for 2D.
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2.3. Time step and cell dimension

The cell Courant number (CFL ¼ dt�c0
a , where dt is time step) is

less than 1/3 for all case. Since the ratio of cell dimensions to mean
free path (a/k) is not more than 1/2 in this simulation, the ratio of
time step to mean free time dt

Dt ¼ a
k � CFL

� �
is much less than 1. From

the analysis by Nicolas and Hadjiconstantinou [9], we can conclude
that the error caused by time step is negligible.

The ratio of cell dimension to mean free path (a/k) is closely re-
lated to computational burden, especially for slip flow regime. In
this simulation, the ratio of cell dimension to mean free path is
0.5 at the inlet for cases of slip regime. From the above analysis
and under the condition of constant number of particles in all cells,
it is obvious that this ratio is less than 0.5 in other area of the flow
field.

2.4. Particle number per cell

For the purpose of evaluating the effect of particle number per
cell on the predicted macroscopic properties, each case is divided
into several subcases which contain different number of particles
per cell.

The computation is started with cells of the same geometric
dimension at first. The block structured grid system is employed



Fig. 6. Cross-section velocity at x = 1.25 lm of Case 3 for 2D.

Fig. 7. Cross-section velocity at x = 125 lm of Case 4 for 2D.
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based on the number density of the flow field to guarantee that the
number of particles in all the cells is the same. When flow reaches
steady state, the grid system is reconstructed. When steady state is
obtained again, the grid system will be reconstructed for the sec-
ond time. Such a process should be repeated for several times until
the flow field no longer changes. The final grid systems resulting
from such a self-adaptive treatment are schematically shown in
Fig. 2 for 2D and Fig. 3 for 3D, respectively. It can be seen
in Fig. 2 that the grid spacing of the square cells keeps constant
in the spanwise direction, but changes block-wisely in the stream-
wise direction. In the figure eight blocks are shown. Starting from
the second block, each block has its horizontal grid lines moving a
bit upward relative to the proceeding block in order to guarantee
that the number of particles per cell is constant. Such variation pat-
tern occurs in two dimensions for the 3D case (Fig. 3).

2.5. Simulation boundary conditions

As to the boundary condition, the pressure boundary condition
is adopted in the present simulation (Fig. 1). That is, the inlet pres-
sure, inlet temperature and outlet pressure are set up before calcu-
lation. The method proposed by Liou and Fang [13] and improved



Fig. 8. Cross-section velocity at x = 5 lm of Case A1 for 2D.

Fig. 9. Cross-section velocity at x = 3000 lm of Case A2 for 2D.

Table 3
Comparison of maximum relative difference between 2D subcases.

Case Subcase 1 Subcase 2 Subcase 3 Subcase 4 Maximum relative difference between subcases

Case 1 69.03239 68.83123 70.18432 70.05005 1.9%
Case 2 97.89297 98.58778 99.17676 100.8114 2.9%
Case A1 69.8584 69.80519 70.36283 70.74159 1.3%
Case A2 98.49854 99.52573 98.97306 99.99033 1.5%
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by Wang and Li [14] suggested that statistical macroscopic velocity
obtained from particles in the cells near the inlet boundary can be
used as the income velocity for new particles. This practice is
adopted in this study. As to the interaction between particles and
solid surface, the equilibrium diffuse reflection model [1] is em-
ployed, that is, the velocities of reflected particles are distributed



Fig. 10. Cross-section centerline velocity at x = 5 lm of Case 1 for 3D.

Fig. 11. Cross-section centerline velocity at x = 3000 lm Case 2 for 3D.

Z.-X. Sun et al. / Computers & Fluids 50 (2011) 1–9 7
in accordance with Maxwellian distribution. The surface tempera-
ture and temperature associated with Maxwellian distribution are
300 K.

The working medium is Argon, and variable hard sphere (VHS)
model (Bird [1]) is used in this study.
3. Results and discussion

3.1. Results of 2D cases

For 2D cases each case is divided into 4 subcases: subcase 1
with 20 particles per cell, subcase 2 with 10 particles, subcase 3
with 7 particles and subcase 4 with 5 particles. The cells are not
divided into subcells. It should be noted that for the clarity of pre-
sentation the subcases of each case are not shown in Table 1. The
scaling factor of each subcase can be determined as follows. First
the scaling factor corresponding to subcase 1 of every case is the
same as the number of particles per cell for that case, i.e., 20. So
the scaling factor of subcase 2 of each case can be obtained by mul-
tiplying 2, subcase 3 by 2.86 and subcase 4 by 4.

Figs. 4–7 show the velocity of the cross-section at 5/8 of the
channel length for every case. We can see that for the cases with
low Kn, namely Cases 1 and 2, the maximum velocity increases
with the decrease of number of particles per cell, and the maxi-
mum relative difference between subcases is 1.9% for Case 1 and
2.9% for Case 2. While for the cases with high Kn, namely Cases 3
and 4, whether the pressure is high or low, the velocity keeps



Fig. 12. Cross-section centerline velocity at x = 1.25 lm of Case 3 for 3D.

Fig. 13. Cross-section centerline velocity at x = 125 lm of Case 4 for 3D.
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the same for all subcases. The above result may imply that the
velocity deviation between Cases 1 and 2 may be caused by the ra-
tio of cell dimension to mean free path. To confirm this assump-
tion, two additional cases (Cases A1 and A2) were implemented.
The channel dimension and boundary conditions of Cases A1 and
A2 are the same as Cases 1 and 2, respectively, but the ratio of cell
dimension to mean free path at inlet is decreased to 1/3. From
Table 1, we can observe that the scaling factor of additional cases
decreases compared with the original cases. This is because the
dimension of cells decreases while the number of particles per cell
is constant. For example, there are 49 cells at inlet for Case 1, while
it increases to 70 for Case A1.

The velocity results of Cases A1 and A2 are shown in Figs. 8 and
9, respectively. From the figures we can see that the relative
deviation decreases significantly. The maximum relative difference
between subcases decreases from 1.9% for Case 1 to 1.3% for Case
A1, and from 2.9% for Case 2 to 1.5% for Case A2 (see Table 3).

3.2. Results of 3D cases

For 3D cases each case is divided into three subcases: subcase 1
with 20 particles per cell, subcase 2 with 10 particles and subcase 3
with 5 particles.

Figs. 10–13 show the velocity of streamwise direction at the
cross-section centerline at 5/8 of the channel length for every case.
We can see that for cases with low Kn, namely Cases 1 and 2, the
maximum velocity increases with the decrease of number of
particles per cell, and the velocity difference at maximum point
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is obvious. While for cases with high Kn, namely Cases 3 and 4,
whether the pressure is high or low, the velocity distribution keeps
almost the same for all subcases. The above results imply that the
velocity deviation is caused by the ratio of cell dimension to mean
free path. Obviously this conclusion of 3D results is consistent with
that of 2D.

3.3. Discussion

Previous study of [4] indicated that the proper number of parti-
cles per cell should be as large as 20 for slip and 10 for transition
flow regime, and [11] showed that this number should be at least
7. From the results of the cases presented above for both 2D and
3D, we can come to the conclusion that when the number of par-
ticles per cell surpasses 5, the number of particles per cell and scal-
ing factor have little influence on simulation results. However, the
dimension of cell influences the accuracy of results obviously. The
error caused by cell dimension decreases with the decrease of cell
dimension, and it is necessary to ensure that the cell is less than
1/3 of molecular mean free path in areas where the gradient is
large and less than 1/2 in other area. Sometimes dividing cells into
subcells is necessary for DSMC to satisfy this condition, although it
will make the computation more expensive.

It is interesting to analyze the reason why Shu et al. [4] made a
conclusion different from this paper. From the content of the paper
the outlet Kn is 0.045; The channel physical dimensions are
1.32 lm in height and 20 lm in length; The pressure ratio of inlet
over outlet is 2.5, and the inlet pressure and outlet pressure can be
obtained approximately as 217,500 Pa and 87,000 Pa, respectively.
According to the requirements analyzed above, the number of cells
should be about 20,000, rather than 3000 adopted. Thus the cell
dimension of their simulation is much larger than the molecule
mean free path. This is the reason why they drew a different con-
clusion from us.

4. Conclusion

When the number of particles per cell is greater than 5, the
number of particles per cell and scaling factor have little influence
on simulation result for both slip flow regime and transition flow
regime no matter the pressure is high or low. But the dimension
of cell influences the accuracy of result significantly. The error
caused by cell dimension decreases as the decrease of cell dimen-
sion, and it is necessary to make sure that the cell is less than 1/3 of
molecular mean free path in large gradient areas and less than 1/2
in other area. For transition flow, this requirement is easily ful-
filled, but for slips flow, this requirement exerts heavy computa-
tional burden.
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