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WEIGHTED LEAST-SQUARES COLLOCATION METHOD
(WLSCM) FOR 2-D AND 3-D HEAT CONDUCTION
PROBLEMS IN IRREGULAR DOMAINS

Y. J. Dai1, X. H. Wu2, and W. Q. Tao1
1MOE Key Laboratory of Thermal Fluid Science and Engineering,
Xi’an Jiaotong University, Xi’an, People’s Republic of China
2College of Electromechanical Science and Engineering, Zhengzhou
University of Light Industry, Zhengzhou, People’s Republic of China

In this article, the weighted least-squares collocation method (WLSCM) is adopted to deal

with two- and three-dimensional heat conduction problems in irregular domains. A radial

basis function (RBF) is selected to construct the approximation function. To improve

the accuracy and stability, some auxiliary points are increased within the domain of

interest. Only inner nodes are used to construct the approximation function, and the equi-

librium equations are satisfied not only at collocation points but also at auxiliary points, so

the equations should be solved in a least-square sense. A 2-D case that has an analytical

solution is simulated by the proposed method and the outcome verifies that the present

method can obtain desired accuracy and efficiency. Then the current method is adopted

to compute one 2-D and two 3-D cases of engineering heat conduction problems in irregular

complex domains. The results show that the present method can deal effectively with the

heat conduction problems of both 2-D and 3-D irregular domains.

1. INTRODUCTION

Meshless methods have been widely adopted by researchers in recent decades
due to their potential in alleviating the mesh-generation complexities arising in
traditional methods such as the finite-difference, finite-volume, and finite-element
methods [1]. In principle, meshless methods rely only on a group of arbitrarily dis-
tributed scatter points in the domain of interest, which can describe accurately the
irregular complex geometries. So far, more than tens of implemented methods have
been proposed. Though most meshless methods originate from solid mechanics, they
have been extended to solve heat conduction problems in recent years. Cleary and
Monaghan [2] employed smoothed particle hydrodynamics (SPH) to solve unsteady-
state heat conduction problems in a finite slab. Sladek et al. [3] presented a local
boundary-element method for transient heat conduction in continuously non-
homogeneous functionally graded materials. Singh and colleagues employed the
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element-free Galerkin (EFG) method to obtain the numerical solution for a 3-D heat
transfer problem in orthotropic materials [4], steady and unsteady nonlinear heat
conduction problems with temperature-dependent thermal conductivity [5], unsteady
nonlinear heat transfer problems [6], and nonlinear heat conduction analysis of
nanocomposites [7]. Batra et al. [7] used two meshless local Petrov-Galerkin (MLPG)
formulations to analyze heat conduction in a bimetallic circular disk [8] and analyzed
3-D transient heat conduction in a functionally graded thick plate by a MLPG
method [9]. Liu et al. [10] employed a MLPG approach to solve the coupled radiative
and conductive heat transfer in absorbing, emitting, and scattering media. Reutskiy
and colleagues [11] used a boundary meshless method with Chebyshev interpolation
and trigonometric basis function for solving heat conduction problems. Zhang et al.
[12] applied the element-free Galerkin method to calculate 2-D unsteady-state heat
conduction problems. Excellent results have been successfully obtained from the
above meshless methods applied in solving heat conduction problems. However,
one serious drawback of these methods is that they need numerical integration to
compute partial differential equations (PDEs), which is very time-consuming. To
overcome this shortcoming, Atluri and Shen [13, 14] and Atluri [15] proposed the
collocation Dirac delta function as the test function, in which a local asymmetric
weak form is used and no integration is needed. Sadat et al. [16] used a diffuse
approximation–based collocation method to solve a 2-D heterogeneous heat conduc-
tion problem. However, this collocation method suffers from instability and needs

NOMENCLATURE

a width of the domain

ai(x), a(x) coefficient and its vector form

alfs size of the local support domain

b length of the domain

dc average nodal spacing

D node distance

F coefficient matrix

h convection heat transfer

coefficient

K coefficient matrix

nj outward unit normal vector

N number of nodes

Na number of auxiliary nodes

Nb number of boundary nodes

Nin number of inner nodes

q heat flux

ri Euclidean distance

Ri(x), R(x) radial basis function and its vector

form

R0;R
�1
0 matrix of RBFs and its inverse

form

Tf environmental temperature

Th(x) trial functionbTTI
;T;TT actual nodal values, its vector, and

its transposition form

T1, T2 vector of unknowns

X point of interest

xI field nodes

ac shape parameter

bm positive root

C boundary

d(x�xI) Dirac delta function

k thermal conductivity

n test function
_UU inner source

U(x), U(x) shape function and its vector form

XX Subdomain

Subscripts

h approximate

J node index

M total number of nodes

q shape parameter

Superscripts

a auxiliary nodes

b boundary nodes

in inner nodes

I node index

1, 2, 3 boundary indices
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some stable techniques to avoid ill–conditioned equations. To improve both the
solution accuracy and the stability of the collocation method, Zhang et al. [17] pro-
posed that some auxiliary points be increased to construct the trial functions.
Recently, Tan et al. applied a least-square collocation meshless method to solve
coupled radiative and conductive heat transfer problems [18] and a geometry-
identification problem of 2-D heat conduction [19]. Fang et al. [20] used the WLS
collocation method to solve heat conduction problems in heterogeneous media.

Most numerical examples of previous research are limited to regular domains,
while most problems in engineering are in irregular domains. And it is in the irregu-
lar domain that the meshless methods can play an important role. Song and Chen
[21] implemented an investigation of the regularized meshless method for irregular-
domain problems. Wu et al. [22, 23] utilized the MLPG and MLPG collocation
methods to compute two steady-state heat conduction problems of irregular complex
domains. However, in [22, 23], moving least-square (MLS) is used to construct the
approximation function, which lacks the characteristics of the Kronecker delta func-
tion. So the essential boundary condition can be satisfied only by special treatment.
Young et al. [24] utilized a hypersingular meshless method to solve 3-D potential
problems with arbitrary domains. However, the research cited above is not involved
in heat conduction. In the heat conduction field, very few article have been published
on 3-D irregular problems.

In this article, the idea proposed in [17] is adopted, in which some auxiliary
points in the domain of interest are added to improve the accuracy and stability
of the MLPG collocation method. It is extended to solve problems of steady-state
heat conduction in irregular domains for 3-D problems. A radial basis function
(RBF) is used to construct the trial functions. The present method does not require
any mesh for numerical integration, hence it is a truly meshless method. Our numeri-
cal results show that this method can effectively improve accuracy and stability.

2. INTERPOLATION APPROXIMATION USING RADIAL
BASIS FUNCTIONS

The MLPG meshless method requires a local nonelement type of interpolation
or approximation to represent the trial function. There are two categories of local
interpolation schemes: those using fictitious values, such as the MLS [25], the
partition-of-unity method [26] (PUM), the Shepard function [27], the reproducing
kernel particle method [28] (RKPM), etc., and those using actual values, such as
the radial point interpolation method [29] (RPIM), and radial basis functions [30]
of the unknown variables at some scattered nodes. It is very popular to apply radial
basis functions for the numerical solution of various types of PDEs. Hence, in the
present study, we utilize RBFs as interpolation schemes of the meshless Petrov-
Galerkin collocation method.

Let us consider a function Th(x) defined in a subdomain XX, which is
discretized by a set of field nodesxI(I¼ 1, . . . ,N). An interpolation of Th(x) from
the neighboring nodes of a point xI using RBFs can be written as

ThðxÞ ¼
XN
i¼1

RiðxÞaiðxIÞ ¼ RTðxÞaðxI Þ ð1Þ
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where RT(x)¼ [R1(x), R2(x), . . . , RN(x)] is the radial basis function in the space with
coordinate xT¼ [x, y] (for 2-D) or xT¼ [x, y, z] (for 3-D), N is the number of RBFs,
and a(x)¼ [a1(x), a2(x), . . . , aN(x)] is the corresponding coefficient.

Coefficients a(xI) in Eq. (1) can be determined by enforcing Eq. (1) to be
satisfied at those N nodes surrounding the point of interest X. This leads to N
linear equations, one for each point. The equations in the form of matrix can be
expressed as

R0a ¼ T ð2Þ

where TT ¼ ½bTT1
; bTT2

; . . . ; T̂T
N �, and bTTI

is the actual nodal value.
The matrix of RBFs is

R0 ¼

R1ðx1Þ R2ðx1Þ � � � RNðx1Þ
R1ðx2Þ R2ðx2Þ � � � RNðx2Þ

..

. ..
. . .

. ..
.

R1ðxNÞ R2ðxNÞ � � � RNðxNÞ

2
6664

3
7775 ð3Þ

Coefficient a can be obtained from Eq. (2). Substituting a into Eq. (1) yields

ThðxÞ ¼ RTðxÞR�1
0
bTT ¼

XN
I¼1

UI ðxÞbTTI ð4Þ

where the shape functions can be expressed as UðxÞ ¼ RTðxÞR�1
0 . Figure 1 demon-

strates the distribution of shape function values in RBFs in 2-D problems, where
we can easily see that U(x)¼ 0 at all the points except the center point U(0, 0)¼ 1.

There are numerous types of radial basis functions [31], and the commonly
used RBFs are multiquadric (MQ), Gaussian, thin-plate splines, and compactly
supported RBFs. Here the MQ is selected as the interpolation scheme, and it

Figure 1. Shape function of RBFs (color figure available online).
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can be expressed as

RiðxÞ ¼ ðr2i þ ðacdcÞ2Þq ð5Þ

where ac(�0), q are the shape parameters, dc is the average nodal spacing, and ri is
the Euclidean distance function.

3. NUMERICAL IMPLEMENTATION OF THE WLSCM
COLLOCATION METHOD

3.1. Governing Equations for Steady-State Heat
Conduction Problems

The steady-state heat conduction equation with inner source and three kinds of
boundary conditions can be written as

k � r2T ¼ _UU in X ð6Þ

The Dirichlet boundary condition: T ¼ T1 on C1 ð7Þ

The Neumann boundary condition: � kDT � nj ¼ q on C2 ð8Þ

The Robbin boundary condition: krT � nj ¼ hðTf � TÞ on C3 ð9Þ

where T represents the temperature, k is the thermal conductivity, nj is the outward
unit normal vector to the boundary C, q is the specified boundary heat flux, h is the
convection heat transfer coefficient, Tf is the environmental temperature, _UU is the
heat source per unit mass, and C1, C2, and C3 denote the three kinds of boundary
conditions.

Dirac delta function d(x� xI) is used as the test function in each XX in the
collocation method, and the weighted integral form of Eq. (6) is expressed as

Z
Xx

½kr2T� _UU�v dXx ¼ 0 ð10Þ

Substituting the Dirac delta function d(x� xI) into the above equation yields

kr2TðxI Þ � _UUðxI Þ ¼ 0 ðI ¼ 1; . . . ;MÞ ð11Þ

Substituting the interpolation (4) into Eq. (11) for the internal nodes and
boundary conditions (7)–(9) leads to the following discretized system of linear
equations:

XM
J¼1

kUJ
;iiðxIÞbTTJ

¼ _UUðxIÞ for all nodes ð12aÞ
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XM
J¼1

UJðxIÞbTTJ
¼ T1ðxIÞ on C1 ð12bÞ

�
XM
J¼1

k
@UJðxIÞ

@n
bTTJ

¼ q1ðxIÞ on C2 ð12cÞ

XM
J¼1

k
@UJðxIÞ

@n
bTTJ

¼ hðTf ðxIÞ �
XM
J¼1

UJðxIÞTJÞ on C3 ð12dÞ

where I¼ 1, . . . ,M, and M is the total number of nodes in the entire domain X
consisting of inner nodes Nin and boundary nodes Nb.

3.2. Weighted Least-Square Collocation Meshless Method

To improve the accuracy and stability of the MLPG collocation method, we
add some auxiliary points Nawithin the domain X. Equilibrium equations are satis-
fied not only at Nin collocation points but also at Na auxiliary points, while boundary
conditions are satisfied exactly at Nb collocation points on the boundaries C. Only
inner nodes are used to construct the approximation function Th(x). So the total
number of unknows is Nin, and the total number of equations is NinþNbþNa. Thus,
the equations have to be solved in a least-square sense. To obtain desired accuracy,
the boundary conditions must be satisfied exactly.

Equation (11) in matrix form can be expressed as

K11

K21

�
K12

K22

�
� T1

T2

� �
¼ F1

F2

� �
ð13Þ

where T1 is the vector of unknowns corresponding to the Nb points collocated on the
boundary C, and u2 is the vector of unknowns corresponding to the NinþNa points
collocated within the domain X. The above equation can be rewritten as

K11T1 þ K12T2 ¼ F1 ð14Þ

K21T1 þ K22T2 ¼ F2 ð15Þ

Equation (14) corresponds to the boundary conditions, while Eq. (15) corre-
sponds to the equilibrium conditions. From Eq. (14), T1 can be expressed as

T1 ¼ K�1
11 ðF1 � K12T2Þ ð16Þ

Substituting (16) into (15) leads to

K0T2 ¼ F0 ð17Þ

where K0 ¼ K22 � K21K
�1
11 K12, F0 ¼ F2 � K21K

�1
11 F1. There are several efficient

public–domain packages to solve least-square sense problems. MATLAB [32]
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provides the QR decomposition method; Linear Algebra Package (LAPACK) [33]
offers two subprograms about this problems and International Mathematical and
Statistical Libraries (IMSL) supplies some subprograms freely that can be directly
called by Visual Fortran. In the present study, the IMSL is utilized to solve the
problem.

4. NUMERICAL EXAMPLES

To demonstrate the efficiency and stability of the proposed meshless method, a
regular heat conduction problem is first considered, since corresponding analytical
results can be used for verification. Following this case, one 2-D and two 3-D heat
conduction problems in irregular domains in engineering are analyzed. To compare
this method with the direct collocation method, we use three schemes: scheme I is the
direct collocation method using NinþNb nodes, scheme II is the direct collocation
method using NinþNbþNa nodes, and scheme III is the least-squares sense using
NinþNb nodes and Na auxiliary nodes.

4.1. Case 1: Two-Dimensional Rectangular Cavity Heat Conduction

Consider a benchmark problem whose geometry is 2m� 1m as shown in
Figure 2. Its left and bottom boundaries are adiabatic, and the right and upper
boundaries are imposed with the temperature T1¼ 100�C. The heat source is uni-
formly distributed in the domain fixed at _UU ¼ 50 W=m2, the thermal conductivity
is k¼ 1W=(m �K). The analytical solution is given by [34]:

Tðx; yÞ ¼
_UU

kb3m

X1
m¼1

ð�1Þm 2

a coshðbmbÞ
coshðbmyÞ cosðbmxÞ þ

_UU
2k

ða2 � x2Þ þ T1 ð18Þ

where

bm ¼ ð2m� 1Þp
2a

; m ¼ 1; 2; . . . ;N

Figure 2. Geometry of rectangular region and boundary conditions (color figure available online).
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Figure 3. Relative errors with different nodal distances (color figure available online).

Figure 4. Relative errors of different sizes of local support domain (color figure available online).

Table 1. Computation time required (s) in D¼ 0.05 and relative error

Interpolation approximation CPU time (s) Relative error (%)

MLS 28.17 0.06

RBF 47.70 0.005
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The relative error of the numerical solution is defined as

Er ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 ðTnum

i � Ta
i Þ

2
q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1 ðTa

i Þ
2

q ð19Þ

where the superscripts ‘‘num’’ denotes numerical results for which the meshless
method is used, a denotes analytical solutions, and N is the number of total nodes.

The relative errors of methods adopting MLS or RBFs to construct the trial
functions are shown in Figure 3, where D is the node distance. Outcomes verify that
a method that adopts RBFs is more accurate than that of MLS. The influence of the
sizes on the local support domain is shown in Figure 4. The relative error is accept-
able when the size of the support domain is within an appropriate range. Reasonable
results can obtained at alfs¼ 2.5–4.5 of the two methods. Therefore, alfs¼ 3 is selec-
ted in the MLS method while alfs¼ 4.5 is chosen in the RBF method in terms of both
accuracy and efficiency. To compare the computational efficiency of the MLS
method with the RBF, several different nodes distributions are simulated. The
required computational times are listed in Tables 1 and 2. The computer system is
an Intel Core 2 Duo T5550, 1.83GHz, 2 GB RAM. From Table 1 it can be con-
cluded that the RBF approximation method has lower computational efficiency than
the MLS method at the same nodal (D¼ 0.05). Nevertheless, the RBF method needs
fewer nodes and much less computation time than the MLS method for the same

Table 2. Node numbers and CPU times for the same accuracy

Interpolation approximation Node number CPU time (s)

MLS 41� 21 28.84

RBF 17� 9 1.53

Figure 5. Regular nodes distribution.
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Figure 6. Temperature fields (color figure available online).
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Figure 7. Temperature distributions (color figure available online).

Table 3. Computation times and relative errors of three schemes

Scheme CPU time (s) Relative error (%)

I 19.17 0.05

II 225.17 0.016

III 47.48 0.005

Figure 8. Physical model for case 2.
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accuracy, as shown in Table 2. So the advantages of substituting the RBF for the
MLS to construct the trial function used in the literature [25] provide evidence of
the improvement in computational efficiency and accuracy.

Figure 9. Node distribution.

Figure 10. Mesh of FVM.
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Nodes distribution is shown in Figure 5, in which the solid diamonds indicate
the collocation points and the hollow circles indicate the auxiliary points. A uniform
node distribution of 41� 21 collocation points and 40� 20 auxiliary points is used.
Figure 6 gives temperature fields, and the predicted temperature distributions in the
two centerlines (x¼ 1 and y¼ 0.5) are shown in Figure 7 to compare the results in
detail. In addition, Table 3 shows the computation times and relative errors for
the three schemes. From Figures 6 and 7 and Table 3, we can see that scheme I
requires the least computation time, but the solutions deviate severely from the ana-
lytical solution. The solution of scheme II is in better agreement with the analytical
solution, but it requires almost five times the computational cost as scheme III. Tem-
perature fields and distributions along the two centerlines of scheme III match very
well with the analytical solution while, at the same time, the computational cost is
relatively economical in terms of the high accuracy. So results of the presented
method (scheme III) are much more accurate and efficient than those of schemes I
and II. Furthermore, it is well known that the values of the scale parameter ac, q

Figure 11. Temperature fields (color figure available online).
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of the MQ influence the numerical solutions and the scale parameters have different
optimum values in different problems, i.e., they are problem-dependent [35]. In the
present study, the two parameters can only be selected at ac¼ 2.5 and q¼ 1.03 in
scheme I and ac¼ 1.5 and q¼�0.5 in scheme II. But for scheme III reasonable
results can be obtained at ac¼ 1.0, 1.5, 2.0, 4.0 and q¼�0.5, 0.5, 0.98, 1.03, etc.
It can be concluded that scheme III is both most robust and most stable, at least
for the cases studied.

4.2. Case 2: Transport of Bitumen in Petrochemical Engineering

In petrochemical engineering, a vapor heating system is frequently adopted to
make the in-tube fluid a certain temperature which can efficiently decrease the vis-
cosity of petroleum during transporting. At present, steam traced piping and
jacketed piping are the most frequently adopted techniques in heating systems.

Figure 12. Temperature distributions (color figure available online).

Figure 13. Physical model for case 3.
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But stream traced piping has low efficiency, and jacketed piping makes installation
difficult. In recent years, a new kind of material (conduction mud), which has a
higher thermal conductivity, is being employed. It is filled between a heating pipe
and a heated pipe (see Figure 8), and it can significantly enhance heat transfer
between them [36]. For the problem shown in Figure 8, the thermal conductivity
of conduction mud is k¼ 10W=(m �K), and the outer surfaces of the two pipes
are maintained at temperatures 150 and 100�C. Due to symmetry, only half of the
shadow domain is selected as the computational domain.

Figure 14. Node distribution (color figure available online).

Figure 15. Mesh of FVM.
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To compare the results of the three types of schemes, we also use commercial
software FLUENT to compute the same problem. Node distribution for the
WLSCM collocation method is shown in Figure 9: There are 378 collocation points

Figure 16. Temperature distributions in three slices (color figure available online).

488 Y. J. DAI ET AL.

D
ow

nl
oa

de
d 

by
 [

X
i'a

n 
Ji

ao
to

ng
 U

ni
ve

rs
ity

] 
at

 0
0:

24
 3

0 
D

ec
em

be
r 

20
11

 



and 304 auxiliary points. Figure 10 shows the mesh (18� 21) used in the software
FLUENT. Figure 11 and Figure 12 give temperature fields and temperature distribu-
tions in line1 and line2, respectively. We can see that oscillation occurs at the two
lower left and right corners marked with dashed circles from scheme I. The solutions

Figure 17. Boundary conditions (color figure available online).

Figure 18. Node distribution (color figure available online).
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of scheme II and III are in better agreement with that of the FVM, with the solution
of scheme III being the closest.

4.3. Case 3: Heat Conduction in Thermal Layer of
Tube Transporting Steam

The pipe for transporting steam, with a diameter of 1000mm, is covered by a
thermal insulation layer with a cross section of 2000mm� 2000mm, and the length
of the pipe is 2000mm, as shown in Figure 13. The temperature of the upper, lower,
and the lateral surfaces is maintained at 298K, while the average temperature of the
steam pipe is imposed at 473K. Thermal conductivity of the thermal layer is
k¼ 10W=(m �K). Only the shadow region that is one-sixteenth of the volume is cho-
sen as the computational domain because of symmetry, as shown in Figure 13.

Node distribution for the WLSCM collocation method is shown in Figure 14,
in which the diamonds indicate the collocation points (2,352) and the spheres
indicate the auxiliary points (1,859). To compare the results with the FVM method,
we use the commercial software FLUENT to simulate the same problem. Figure 15
shows the structured mesh (13� 11� 13) used in the software FLUENT.

Figure 16 shows temperature distributions in three arbitrary slices along axis
directions for the two different methods. Results are in excellent agreement with each
other. The maximum error for each node is 5.7%, and the average relative error is
3.6% compared with the results from FLUENT.

4.4. Case 4: Heat Conduction in Pyrophyllite Layer of
Diamond Synthesis

The pyrophyllite is selected as the thermal layer and pressure transmission
medium in diamond synthesis [37]. High current of 1,000 A is introduced to maintain
the temperature of the spherical surface at 1,873K. The domain and boundary con-
ditions are shown in Figure 17. Thermal conductivity of the thermal layer is
k¼ 6.657W=(m �K).

Node distribution of the WLSCM collocation method is shown in Figure 18, in
which the diamond symbols indicate the collocation points (1,200) and the spheres

Figure 19. Mesh of FVM.

490 Y. J. DAI ET AL.

D
ow

nl
oa

de
d 

by
 [

X
i'a

n 
Ji

ao
to

ng
 U

ni
ve

rs
ity

] 
at

 0
0:

24
 3

0 
D

ec
em

be
r 

20
11

 



indicate the auxiliary points (1,350). The commercial software FLUENT is used for
the comparison of results between the FVM and the present method. Figure 19
shows the structured mesh (13� 11� 13) used in the software FLUENT.

Figure 20. Temperature distributions in three slices (color figure available online).
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Figure 20 shows temperature distributions in three arbitrary slices along axis
directions for the two different methods. The maximum error for each node is
4.72% and the average relative error is 3.95% compared with the results from
FLUENT. Results are in good agreement with each other.

5. CONCLUSIONS

The WLSCM collocation method with the RBF approximation has been
applied to 2-D and 3-D steady-state heat conduction problems in irregular domains
in engineering. This method can well describe the boundaries of complex domains,
and at the same time, no numerical integration is needed. To improve the stability
and accuracy of this method, we have increased some auxiliary nodes in the domain.
The trial functions were constructed only by collocation points, while the equilib-
rium equations were satisfied at collocation and auxiliary points, so the least-square
method had to be used to solve the equilibrium equations. The results show that this
modified method possesses higher solution accuracy and stability. Therefore, this
method offers a potential numerical alternative procedure to handle problems with
irregular domains encountered in industrial applications.
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