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The effects of wall axial heat conduction in a conjugate heat transfer problem in simultaneously devel-
oping laminar flow and heat transfer in straight thick wall of circular tube with constant outside wall
temperature are numerically investigated. The results show that the heat transfer process is most sensi-
tive to wall-to-fluid conductivity ratio ksf, and when ksf 6 25 the increasing tube thickness and the
decreasing ksf could make the inner wall surface approaching the uniform heat flux condition. It turns
out that the basic function of the wall axial heat conduction for the cases studied is to unify the inner wall
surface heat flux.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Conjugate heat transfer in laminar duct flow was widely ana-
lyzed in the last century. Since the entrance problem was first pro-
posed by Graetz [1,2], a broad effort has been made to get
information both on the thermal entrance region and on the fully
developed region under different kinds of boundary conditions. A
comprehensive review of the huge amount of results on the subject
is available in the monograph by Shah and London [3]. One of the
issues in the study of developing heat transfer in tubes or ducts is
the effect of wall heat conduction. This subject is especially impor-
tant when the heat transfer in microtubes is concerned. The small
size in the spanwise direction in microtubes/ducts makes almost
all microtubes/ducts be of thick-walled type. And this is the major
concern of this paper. In the following only the references related
to the effect of tube/duct wall heat conduction are briefly re-
viewed. Davis and Gill [4] analyzed the effect of axial wall conduc-
tion on the Couette flow between parallel plates. Mori et al. [5,6]
investigated the effects of wall conduction on the convective heat
transfer between parallel plates and in circular pipes under the
boundary conditions of the first and the second kind. Faghri and
Sparrow [7] investigated the simultaneous wall and fluid axial con-
duction in laminar pipe-flow heat transfer and proposed a criterion
for judging the importance of the axial heat conduction. Zariffeh
et al. [8] studied the combined effects of wall and fluid axial
ll rights reserved.
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conduction on laminar heat transfer in circular tubes numerically.
Campo and Rangel [9] analytically studied the conjugate effect of
1-D wall and fluid axial conduction. Barozzi and Pagliarini [10]
investigated flow in thick-walled pipes with two-dimensional con-
duction analytically. Campo and Shuler [11] did lumped system
analyses for the simultaneous wall and fluid axial conduction in
laminar pipe flow heat transfer. Bilir [12] numerically analyzed
the combined effect of 2-D (radial–axial) wall conduction and fluid
conduction for low Peclet number (Pe 6 20) fully developed lami-
nar flow heat transfer in a thick-walled two-regional large circular
pipe which has external constant temperature with a step change
at a given section. Above-mentioned references were mostly pub-
lished before the time when the so-called micro-heat transfer was
emerging. And the major concerns of those papers are either the ef-
fect of one dimensional wall conduction or the combined effect of
two-dimensional wall conduction and fluid axial conduction for
low Peclet number duct laminar flow heat transfer with not very
large ratio of wall thickness over tube diameter. During the last
two decades the development of MEMS stimulated a great interest
to study flow and heat transfer in microchannels [13,14].

One particular characteristic of convective heat transfer in mini-
micro scale channels is its rather strong multi-dimensional charac-
ter [14].

With the increasing of the ratio of the wall thickness over the
hydraulic diameter, the coupling between the wall and the bulk
fluid temperatures becomes more important, and the axial conduc-
tion through the tube wall has to be considered very seriously. In
[15] numerical simulation was made for a circular thick tube with
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Nomenclature

cp specific heat of fluid, J/(kg K)
di inner diameter of tube, m
f friction factor
k thermal conductivity, W/(m K)
ksf wall-to-fluid thermal conductivity ratio
L total length of tube, m
LH theoretical hydrodynamic entrance length, m
LT theoretical thermal entrance length, m
Nu Nusselt number
Pr Prantl number
qr reference heat flux, W/m2

qw,in,x non-dimensional inner interfacial heat flux
r radial coordinate, m
R non-dimensional radial coordinate
Re Reynolds number
Pe Peclet number Pe = RePr
t temperature, K
T non-dimensional temperature
u velocity in the axial direction
U non-dimensional velocity in the axial direction

v velocity in the radial direction
V non-dimensional velocity in the radial direction
x axial coordinate, m
X non-dimensional axial coordinate

Greek symbol
q fluid density, kg/m3

g dynamic viscosity, Pa s
d non-dimensional wall thickness

Subscripts
f fluid
fb cross-section mean value
i inner surface of tube
in inlet
o outer surface of tube
s solid
w outer wall surface of tube
wi inner wall surface of tube
1 limiting value far down the duct

3978 S.-X. Zhang et al. / International Journal of Heat and Mass Transfer 53 (2010) 3977–3989
third kind of outside boundary condition with different thermal
conductivity ratio of wall to fluid. Their results show that the larger
thermal conductivity ratio leads to a lower Nusselt number in the
laminar fully developed region and the very low ratio approximate
the constant wall heat flux, which is consistent with the results ob-
tained by Sparrow and Patankar [16]. The numerical results in [15]
also show that the fully developed Nusselt number decreases with
the decrease in the ratio of outer over inner tube diameters.
Maranzana et al. [17] have analyzed the influence of the axial con-
duction in the tube wall on microchannels and proposed a non-
dimensional number (M) to quantify the effect of axial conduction
in walls. Zueco et al. [18] analyzed a thick-walled macro-tube with
a step change outside temperature by network method. They con-
cluded qualitatively that the effect of wall conduction on heat
transfer increases as the Peclet number and thermal conductivity
ratio of solid wall over fluid decrease. Tiselj et al. [19] studied the
effect of axial conduction on the water heat transfer in multi-micro-
channels with triangle cross section. Gamrat et al. [20] studied the
flow and heat transfer in a micro-channel by both experimental and
numerical methods. They concluded that there is no size effect on
heat transfer when the channel spacing is reduced from 1.0 mm
down to 0.1 mm. The strong reduction in the Nusselt number ob-
served in experiments cannot be explained by axial conduction in
the walls or lack of two-dimensionality of the heat flux distribution.
Further investigations are needed in order to reduce the gap be-
tween the results of some experiments and numerical simulation.
Hetsroni et al. [21] studied water heat transfer in a multi-micro-
channel and found that for the cases studied the viscous dissipation
can be ignored. Bavière et al. [22] studied the bias effects on heat
transfer measurements in microchannel flows. It is concluded that
a bias effect on the solid/fluid interface temperature measurement
may account for the apparent scale effects observed in some refer-
ences. Celata et al. [23] experimentally measured the heat transfer
characteristics in micro tube uniformly heated with inner diameter
ranging from 50 lm to 528 lm. They found some decrease in heat
transfer performance with respect to the conventional value
(Nu = 4.36) and it is more marked for decreasing Reynolds number.
They attributed this reduction to a heat loss term. Lelea [24] studied
the conjugate heat transfer of water in partially heated microchan-
nels by numerical method. Three different tube wall materials were
considered, stainless steel (k = 15.9 W/m K), silicon (k = 189 W/
m K) and copper (k = 398 W/m K). Two different cases of the partial
Joule heating were considered for the tube wall. The local Nu exhib-
its the usual distribution as for the non-axial conduction case, and
the local Nusselt number at fully developed region has the usual va-
lue of 4.36. In [25] experimental measurements were conducted for
heat transfer in three microtubes with different thickness over
diameter ratio and uniformly heated outside. Their results show
that with the increase in Reynolds number the local Nusselt num-
ber in the downstream region approaches 4.36. Liu et al. [26] exper-
imentally studied the effect of axial wall heat conduction for
convective heat transfer in stainless steel microtube with Joule
heating. Distilled water and nitrogen gas were used as the working
fluids flow through the stainless steel microtube with inner diame-
ter 168 lm and outer diameter 406 lm. The wall temperature field
photos of the microtube are acquired by employing an IR camera.
Their results show that the axial heat conduction can reduce the
convective heat transfer in the stainless steel microtube and the
decrement may reach 2% compared to the convective heat transfer
when the working fluid is nitrogen gas, however, the decrement can
be neglected for distilled water as the working fluid. Weigand and
Gassner [27] investigated the effect of wall conduction for the ex-
tended Graetz problem for laminar and turbulent channel flows
with a thick-walled model numerically. The channel wall only has
a small part located in the center being kept at high temperature
while the rest at lower temperature. The heat conduction within
the solid wall changes the temperature distribution at the interface
between the solid and the fluid. The increasing in solid wall thermal
conductivity leads to reducing the abrupt temperature change at
the interface.

From above review, it can be seen that even though a great num-
ber of numerical and experimental studies have been performed on
the wall heat conduction effect on the entrance problem in mini/
microchannels or tubes, we still have not a very clear picture on what
is the effect of the wall axial heat conduction? With what condition
the effect of the axial heat conduction can be neglected? And if the
axial heat conduction is very severe, what will be the result? Because
of the complexity of heat transfer in micro-channel or tube situation,
we may first pay attention to a very simple, yet typical and interest-
ing problem in heat transfer theory as follows: fluid with uniform
velocity and temperature flowing into a thick-walled tube with a
constant temperature of its outside surface. The two ends of the tube
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are adiabatic. For that case the negligible axial heat conduction leads
to uniform temperature of the inner surface, and hence the fully
developed Nusselt number should be 3.66. If the axial heat conduc-
tion plays a role, then the inner surface of the wall will depart from
the uniform wall surface condition. By using this model the above-
referenced three problems can be clearly answered. This is the major
purpose of the present paper.

In this paper in order to clarify the above-mentioned three
questions, the conjugate effect of two-dimensional wall conduc-
tion (both radial and axial) and fluid axial conduction is analyzed
for simultaneously developing laminar flow and heat transfer in
a microtube with the ratio of wall thickness over tube diameter
varying in a wide range and a constant outer surface temperature.

It should be noted that even though the problem studied here
seems to be quite simple in both governing equation and boundary
conditions, the three questions listed above are remained unsolved
in the literatures. To obtain their correct answers is not only just
for academic purpose, but also is meaningful for development of
theory of MEMS design. Even though many commercial softwares
are available, readers do not know the code details of implementa-
tion of some numerical treatments. And sometimes a minor differ-
ence in code implementation may lead to different results. In order
to make sure that every our numerical treatments is correctly
coded, we use a self-developed code to perform numerical simula-
tion. Such practice was adopted in [24,28,29].

2. Numerical analysis

The physical problem investigated is as follows. A fluid with a
temperature tin and velocity uin is going into a circular tube of inner
diameter di and wall thickness (ro � ri) with its outside surface
temperature being at constant value tw. The tube is assumed to
be long enough. The velocity and temperature fields at different ra-
tio of wall thickness over inner diameter and different thermal
conductivity ratio of wall over fluid are searched for. Fig. 1 presents
the computational domain.

As indicated in [30] for fluid flows in microchannels with Knud-
sen number less than 0.001 the continuum model is still valid.
Thus the 2-D steady Navier–Stokes and energy equations are used
to describe the flow and heat transfer in the whole region. The fol-
lowing assumptions are adopted: (1) The fluid is incompressible
and the fluid flow is in steady state; (2) The flow is laminar; (3)
The radiation heat transfer is neglected; (4) The body force is ne-
glected; (5) The electrostatic force is neglected [25]; (6) The ther-
mal properties of solid and fluid are assumed to be constant.
Based on the above assumptions the problem to be investigated
is axisymmetrical and the governing equations are as follows:
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Fig. 1. The computational domain of convective heat transfer in thick wall tube.
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It can be seen from Eqs. (4) and (5) that the tube wall can be
treated as a special fluid with very large dynamic viscosity. Such
computational treatment makes the problem being conjugated
[31,32] and can greatly simplify the computation. This practice is
adopted in this paper.

The two ends of the tube wall are assumed to be adiabatic, and
at the exit of the computation domain, the fully developed condi-
tion is adopted. Thus all the boundary conditions can be mathe-
matically expressed as follows:
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In order to generalize the solution results, the above governing
equations and the boundary conditions are non-dimensionalized
as follows:
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Table 1
Parameters of numerical simulations.

Re Pr ksf d/Ri

10, 30, 50, 100,
200, 2000, 2280

1, 3, 5, 7 1, 10, 15, 25, 50, 100,
300, 500, 664, 10,000

0, 0.08, 0.42, 0.84,
1.69, 2.53, 3.37, 3.79

Table 2
Typical values of the thermal conductivity ratio ksf at 20 �C.

Water Air Oil

Copper 665 15,960 2660
Aluminum 393 9440 1573
Iron 135 3240 540
Steel 23 560 93
Glass 1.67–1.84
PMMA 0.33
PDMS 0.33
Quartz 2.34
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The non-dimensional variables are defined as

X ¼ x=ri; R ¼ r=ri U ¼ u=uin; V ¼ v=uin; T

¼ ðt � tinÞ=ðtw � tinÞ

It should be noted that the energy equations for fluid and tube
wall are deliberately expressed in separated way (Eqs. (10) and
(11)) in order to show the different thermal conductivity ratios.
During the numerical simulation the fluid and tube wall are treated
by the same equation with different thermo-physical properties.

The finite-volume-method (FVM) [29–32] is used to discretize
the governing equations, the SGSD scheme [33,31] is used for the
discretization of the convective term, and the SIMPLEC algorithm
[34,32] is adopted to deal with the linkage between velocity and
pressure. The whole region (including the solid wall) is treated as
the computational domain. The total length of x-direction is taken
as 5 times of the entrance length theoretically determined for the
tube of conventional size.

A preliminary computation has been conducted to determine
the grid system which can guarantee to obtain the grid-indepen-
dent solutions. Satisfactory results are obtained by using a grid
spacing number of 16–62 in the r-direction with 16 in the fluid re-
gion and 0–46 in the solid according to the wall thickness. A total
number of grid spacing in the x-direction is determined according
to the ratio of length to width being taken, in which the grid spac-
ing is ranged from one to four times of the grid spacing in the radial
direction. The computation is of conjugated type. The numerical
method for such conjugated computation is well documented in
Refs. [29–32], and will not be re-stated here. The iterations are con-
tinued until convergence up to the fifth digit of both velocity and
temperature is achieved.

With the converged velocity and temperature fields, the local
Poiseuille number (fRe), the non-dimensional bulk temperature,
the non-dimensional inner interfacial heat flux and Nusselt num-
ber can be defined as follows:
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In Eq. (16) the temperature difference between inner wall and
fluid bulk temperature is used for the local heat transfer coefficient
and this is a usual practice in heat transfer community. Especially
for the cases studied, the outside wall temperature remains con-
stant. It is the inner wall temperature that can reflect the effect
of axial wall heat conduction.

In addition, the Reynolds number is defined as follows:

Re ¼ 2riuinqf =gf ð17Þ

The theoretical hydrodynamic and thermal entrance lengths are
respectively as follows [35]:

LH ¼ 0:1ReDRi ð18aÞ
LT ¼ 0:1ReDPrRi ð18bÞ
These two quantities will be referred in the later discussion.
Numerical simulations are performed in a wide range of param-

eter variations, as shown in Table 1. The typical values of the ther-
mal conductivity ratio ksf at 20 �C are indicated in Table 2. From the
non-dimensional formulations of the governing equation, it can be
found that the results of the problem depend on four parameters,
Re, Pr, ksf and d/Ri. Simulations are grouped according to the four
parameters. As can be seen from Table 2, the thermal conductivity
ratio may be as large as 104 for the combination of copper over air,
and may be as small as 1 for the combination of glass over water. In
the study of conjugate convective heat transfer in microtubes the
upper limit of the solid/fluid thermal conductivity ratio is usually
taken quite high [36]. Thus apart from the wide variation ranges
of Re and Pr, the thermal conductivity ratio of solid wall over fluid
ranges from 1 to 10,000, and the largest ratio of wall thickness over
the inner diameter up to 3.79. Such great value of d/Ri can be found
in the flows of mini/microchannels.
3. Results and analysis

As the validation of our self-coded program, the numerical re-
sults of the variation of (fRe)x and Nux versus X/(RiRe) when d/
Ri = 0 are presented in Fig. 2. It is shown that the numerically pre-
dicted hydrodynamic and thermal entrance lengths, the fully
developed Poiseuile number and Nusselt number coincide with
the conventional results (LH/RiRe = 0.1, LT/RiRe Pr = 0.1, (fRe)1 =
64, Nu1 = 3.66) very well when the grid points in the fluids at
the radial direction are taken as 20. The relative differences be-
tween simulated values and analytical values are listed in Table 3.

In the following fours figures are used to present major numer-
ical results. (1) The variations of the dimensionless local heat flux
at the inner wall at different combination of Re, Pr and ksf are
shown in Fig. 3; (2) The streamwise variation patterns of the inner
surface temperature with the ksf are provided in Fig. 4; (3) In Fig. 5
the variation pattern of local fluid bulk temperature with axial dis-
tance at different combination of Re, Pr and ksf are presented; (4)
The effect of tube wall thickness and the fluid Peclet number on
the variation of local Nusselt number with axial distance is ex-
pressed in Fig. 6.

In Fig. 3 six figures are presented for the variation of the dimen-
sionless local heat flux at the inner wall at different combination of
Re, Pr and ksf. The six figures can be grouped into three categories,
in each category the first figure represents the results for the small-
est value of ksf(=1), while the other figure is for ksf = 25. It is clear
that ksf is a key parameter influencing the distribution pattern of
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Fig. 2. Relation between local value (fRe)x and Nux and the grid points in fluid domain.

Table 3
Effects of radial grid number in fluids on simulation results

Grid numbers of the radial direction Simulation error (%)

D(fRe)/(fRe)1 DNu/(Nu)1

8 �2.47 �0.41
12 �0.88 �0.25
16 �0.38 �0.06
20 �0.07 +0.06
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the local inner heat flux. When the value of ksf is larger than 25, due
to the higher wall thermal conductivity, the thermal resistance of
wall radical heat conduction is negligible and the inner wall of
the tube is actually experienced the constant temperature condi-
tion as the case of zero wall thickness. However, when ksf is equal
to or smaller than 25, the resistance of wall radical heat conduction
is not negligible which makes the inner surface of the tube experi-
enced a condition somewhat deviating from constant temperature
situation. As can be seen from the second figure of each category
when ksf = 1, the inner wall surface heat flux has already exhibited
a trend of approaching the uniform wall heat flux condition. And in
that case the heat transfer process between the fluid and the inner
wall surface is actually governed by the boundary condition of con-
stant heat flux, even though the outside surface is at constant tem-
perature condition.

Fig. 4 presents the streamwise variation pattern of the inner sur-
face temperature with the value of ksf. The six figures can be grouped
into three categories, with each category being at the same Re and Pr
but different ksf. When the value of ksf is equal to or smaller than 25,
with the increasing tube wall thickness the effect of the wall axial
heat conduction increases and the non-uniformity of the streamwise
temperature profile of the inner wall surface becomes more severe
and severe, which corresponds to the increasing uniformity of the in-
ner surface heat flux. Figs. 4(a), (c) and (e) present such variation
trend for the cases of ksf = 1. As can be seen there the difference in
the fluid Peclet number only makes some minor deviations between
the temperature profiles of different d/Ri, but does not have a quan-
titative effect on the inner surface temperature profiles. However,
when the value of ksf is larger than 25, the inner surface temperatures
become more or less uniform and the influence of the tube wall
thickness on the inner wall surface temperatures profile becomes
insignificant.
In Fig. 5 the variation patterns of local fluid bulk temperature
with axial distance at different combination of Re, Pr and ksf are
shown. Again the six pictures can be grouped into three categories,
and in each category the difference between the two pictures is
only at the value of ksf: one for ksf = 1 and the other for ksf = 25. It
is clear that ksf is a key parameter influencing the streamwise fluid
bulk temperature distribution. When the value of ksf is equal to 1
(Figs. 5(a), (c) and (e)) with the increasing tube wall thickness
the effect of the wall axial heat conduction increases, and the
streamwise fluid bulk temperature profile varies from an exponen-
tial-like curve to nearly a linear one, which corresponds to the sit-
uation of uniform local heat flux at the inner surface, see the
counterpart in Fig. 3.

Attention is now turned to the effect of tube wall thickness and
the fluid Peclet number on the variation of local Nusselt number
with axial distance. Fig. 6 shows the effects of tube wall thickness.
As stated before, the value of ksf is a key parameter to represent the
influence of the axial wall heat conduction. Figs. 6(a), (c) and (e)
clearly show that for the case of ksf = 1, the local Nusselt number
decreases sharply from an extremely high value at the very inlet
of the tube to a constant value in the far downstream. All the eight
variation curves are limited by two tube wall thicknesses: when
the tube wall thickness approaches zero, the value of Nux in the
far downstream region is 3.66, while for the very high tube wall
thickness of d/Ri = 3.79 the far downstream value of Nux is about
4.3. However, if the value of ksf = 25, then the difference between
different tube wall thickness almost diminishes, and all the curves
of different tube wall thickness emerge to one curve. The larger the
fluid Peclet number the stronger such emerging trend. From our
numerous computational results it is found that within the Peclet
number range of 30–11,560 when the value of ksf is smaller than
25, the variations of the local Nusselt number with tube wall thick-
ness and Peclet number are more or less the same as the ones
shown for ksf = 1, while if the value of ksf is greater than 25, the
curves for different tube wall thickness soon emerge into one with
a stronger trend as shown for ksf = 25. In addition, as can be seen
from Fig. 6, the thermal entrance length of a thicker tube wall is
larger than the case of zero tube wall thickness, and the larger
the ratio of wall thickness over tube inner diameter, the bigger
the departure between them. In our numerical simulations the
maximum departure between the two thermal entrance lengths
exceeds 20%. However, when the value of ksf is larger than 25,
the maximum departure in the thermal entrance length is smaller
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Fig. 3. Variation of local inner wall surface heat flux qw,in,x with non-dimensional distance X/(RiRePr).
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than 2%. From the examination of numerical results shown in
Fig. 6, it can be concluded that depending on the thermal conduc-
tivity ratio the local Nusselt number in the fully developed region
varies between two limits: from 3.66 for the constant wall surface
condition to about 4.36 for the uniform wall heat flux condition.
It is interesting to note that Sparrow and Patankar [16] had
made a complete analysis for the thermally developed duct flow
with external convection under the conditions of negligible effect
of the wall thickness. It shows that the constant wall temperature
boundary condition and the constant wall heat flux boundary
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Fig. 4. Variation pattern of local inner surface temperature with non-dimensional streamwise distance X/(RiRePr).
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condition are respectively of two extreme boundary conditions of
thermally developed duct flow with external convection. When
the external convective heat transfer coefficient is very large the
Nusselt numbers in the thermally developed region reach 3.66,
while when the external convective heat transfer coefficient is ex-
tremely small, the fully developed Nusselt number approaches
4.36.

In this paper, numerical results of our numerous simulations
show that as the wall-to-fluid thermal conductivity ratio decreases
and the ratio of wall thickness over tube diameter increases, the
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Fig. 5. Variation of local value Tfb with non-dimensional distance X/(RiRePr).
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Fig. 6. Effect of tube wall thickness on the variation of Nux with X/(RiRePr).

S.-X. Zhang et al. / International Journal of Heat and Mass Transfer 53 (2010) 3977–3989 3985
convective heat transfer at the inner surface of a thick wall tube
with constant temperature of the outside surface actually experi-
ences a boundary condition transformation: from the constant wall
temperature condition to the constant wall heat flux condition. To
the authors’ knowledge such clear statement and conclusion on the
effect of the tube wall thickness is seemingly first in the literatures.
And the discussion and comparison in the following section will
provide some support to the above observation.
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4. Discussion and comparison

4.1. What is the basic function of axial heat conduction?

From above presentation of our numerical results, it is quite
clear that the basic function of the wall axial heat conduction for
the case studied is to unify the heal flux at the inner surface of
the tube. From our numerical study when ksf is larger than 25,
the axial heat conduction becomes so strong that influences from
other parameters may be neglected. If ksf is less than this value then
other parameters, including the ratio of wall thickness over radius,
the values of Re and Pr (i.e., the Peclet number) will have their
effects. This thought can be very well understood from the physical
intuition of transport phenomenon. This thought also can be
qualitatively validated from the results of following references.

In the work of [24], the conjugate heat transfer of the water flow
inside the microtubes (Di/Do = 0.1/03 mm and 0.1/0.5 mm) was
investigated. Joule heating was used to study the tube wall conduc-
tion effect for three thermal conductivities: stainless steel (k = 15.9
W/m K), silicon (k = 189 W/m K) and copper (k = 398 W/m K). Two
situations were studied: in one case the left half portion of the tube
was uniformly heated and the right half portion was insulated, in
the other case situation was the opposite. The local Nu exhibits
the usual distribution as for the case with entire tube uniformly
heated, and the local Nusselt number at fully developed region
has the usual value of 4.36. Since the basic function of axial heat
conduction is to unify the local heat flux. In the study of [24] the
heat flux is already uniform in the heated portion, and the strong
axial heat conduction caused by the large values of ksf of the three
combinations of solid/fluid further unify the heat flux such that in
the inner surface the local Nusselt distribution is the same as the
uniform heating for the entire tube.

In [27] only at the central small part of the tube surface the tem-
perature is higher and constant and the rest part is at a lower and
constant temperature. The heat conduction within the solid wall
changes the temperature distribution at the interface between the
solid and the fluid. The increasing values of the wall thickness over
tube diameter ratio lead to flatting wall temperature and fluid bulk
temperature distributions. This also implies that the increased axial
heat conduction plays a role of unifying the streamwise heat flux.

Further supports can also be found from [37–39]. In [38] a circular
tube was heated non-uniformly with the maximum heat flux at the
middle location and the heat flux being lineally deceased towards
the tube two ends. Numerical simulation by Fluent found that with
the decreasing of fluid velocity the tube inner wall temperature of
the downstream portion gradually increased and the whole axial
distribution of the inner wall moved towards the linear distribution,
which is the indication of uniform heat flux at the inner surface. In
[39] a rectangular channel with certain thickness was heated only
from bottom surface and the rest three surfaces were all adiabatic.
The solid/fluid combination is copper and water, implying a very lar-
ger ksf. Numerical simulation results by Fluent showed that the aver-
age Nusselt numbers simulated by 3-D conjugated model and a so-
called ‘‘thin-wall” model of Fluent were in excellent agreement.
The thin-wall model is a simplified 2-D model which essentially
combines the uniform circumferential wall temperature and uni-
form heat flux conditions. This by no means that the axial heat con-
duction can be negligible, in the opposite, it is the strong axial heat
conduction which makes the channel inner surfaces being at uni-
form heat flux that makes the thin-wall model applicable.

4.2. Criterion for judging effect of axial heat conduction may be
situation dependent

As indicated above, Maranzana et al. [17] analyzed the influence
of the axial conduction in the tube wall on microchannels and
proposed a non-dimensional number (M) to quantify the effect of
axial wall conduction. However, their analysis was based on the
assumption of constant inner wall heat transfer coefficient which
was prespecified; hence their results can not be applied to the en-
trance problem where the local heat transfer coefficient is a depen-
dent variable rather than a given value. The non-dimensional
number (M) is defined as follow [17]:

M ¼
/cond==

/conv
¼ r2NTU

Bi
ð19Þ

where /cond== is a heat flux that characters axial heat transfer in the
wall, /conv is the total convective heat flux, and the same tempera-
ture difference was used for the calculation of /cond== and /conv . It
was stated in [17] that if the value of M is less than 10�2 the axial
heat conduction effect may be neglected.

In [25] the temperature difference in calculating wall heat con-
duction and fluid convective heat transfer are adopted
individually:

M ¼
/cond==

/conv
¼ Ac;oksDts=L

Ac;iqcpuinDtf
¼ 2ksf ðR2

o � 1ÞDts

RePrf Dtf ðL=riÞ
ð20Þ

where

Ac;o ¼ pðr2
o � r2

i Þ and Ac;i ¼ pr2
i ð21Þ

Dtf ¼ tfb � tin; Dts ¼ ts;o;ave � ts;in;ave ð22Þ

where ts,o,ave, ts,in,ave are the outlet and inlet cross section average
temperature of the tube, which is more suitable for the estimation
of axial heat conduction along the wall.

From our numerical results it has been clearly demonstrated
that for the cases studied if the thermal conductivity ratio (ksf) is
larger than 25, the wall thickness effect can be neglected. To reveal
whether the dimensionless number defined by Eq. (19) or its var-
iant Eq. (20) is suitable for the present case, special figures of rela-
tion between the non-dimensional number M defined by Eq. (20)
and tube wall thickness are shown in Fig. 7. Following two features
may be noted from the four figures in Fig. 7. First for all the four
subcases for ksf = 1 the values of M are very small, which mean that
the effect of the tube wall heat conduction can be neglected
according to the definition of M. However, our results show that
it is the cases with ksf = 1 that tube wall heat conduction has its
strong effect; second the values of M for ksf = 25 are always larger
than those of ksf = 1. This means that relatively speaking for the
cases of ksf = 25 tube wall heat conduction has its effect according
to the meaning of M. Our analysis gives the opposite judgment.
Thus the dimensionless parameter defined by Eq. (19) or Eq. (20)
is not suitable for the present study. The infeasibility of parameter
M was also found in [23]. In [23] the single phase flow and heat
transfer of water in microtubes with diameters from 120 to
528 lm were experimentally studied. The M values of the five
cases studied were well below 10�2 (in order of 10�6 to 10�5).
However, axial heat conduction in tube was significant. These
examples give us a hint: the criterion for judging the effect of wall
axial heat conduction may be situation dependent. As indicated in
[24], several criteria for judging the influence of wall heat conduc-
tion were proposed by different authors, including:

Faghri and Sparrow [7]:

MFS ¼ ksf
d
R

ð23Þ

Cotton and Jackson [40]:

MCJ ¼ ksf
d
Di

1þ d
Di

� �� �
1

Pe2 ð24Þ

Chiou [41]:
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Fig. 7. Relation of the non-dimensional number (M) to tube wall thickness d/Ri.
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MC ¼ ksf
As

Af

Di

L
1
Pe

ð25Þ

From Eqs. (19), (23)–(25), it can be found that most criteria in-
clude the ratio of thermal conductivities of wall solid and the flu-
ids. For the problem studied in this paper it is likely that the
predominant parameter for judging the effect of the wall axial heat
conduction is the thermal conductivity ratio of wall over fluid.

Two more things are worth noting. First, the absolute value of M
defined by Eq. (20) is different from that defined by Eq. (19). How-
ever, they are in the same order. Hence the above conclusion of the
infeasibility of M is applicable to both definitions. Second, by ‘‘the
effect of axial wall heat conduction” we actually mean that when a
parameter related to the axial wall heat conduction changes, say
ksf, how significant is the change of the convective heat transfer
characteristics. If the heat transfer characteristics are not affected
by the variation of the component of axial wall heat conduction,
we come to the conclusion that the axial wall heat conduction
has no effect. Physically the larger the wall thermal conductivity,
the stronger the axial heat conduction. For the problem studied
in this paper, when the value of ksf is larger than 25, the axial wall
heat conduction is so strong that any change in the solid thermal
conductivity will not influence the entire convective heat transfer
characteristics. Such situation was also found in the conjugated
heat transfer in eccentric annuli [42]. In [42] conjugated laminar
forced convection heat transfer in the entry region of eccentric
annuli is numerically investigated. Heat transfer parameters are
presented for a fluid of Pr = 0.7 flowing in an annulus of radius ratio
0.5 for four values of dimensionless eccentricity ranging from 0.1
to 0.7. Solid–fluid conductivity ratio (ksf) is varied to cover the
range for practical cases with commonly encountered inner and
outer tube thickness. Boundary conditions applied are isothermal
heating of the inner surface of the core tube, while the outer sur-
face of the external tube is maintained at the inlet fluid tempera-
ture. Limits for ksf above which the effect of the axial wall heat
conduction can be neglected are obtained. For example for the case
of eccentricity e = 0.1, this limit is ksf = 17.
4.3. Comparison with some other related results in references

To the authors’ knowledge, among the results of existing litera-
tures concerning the effect of axial wall heat conduction for the
micochannels/tubes, the results by Guo and Li [15] are the most
consistent with ours. As indicated above in their numerical analy-
sis, the convective boundary condition was adopted at the outside
surface of the tube, and numerical simulation was conducted by
varying the surface convective resistance to wall conductance
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resistance. Their results show that the larger thermal conductivity
ratio leads to a lower Nusselt number in the laminar fully devel-
oped region and the very low ratio approximates the constant wall
heat flux condition. Since the effect of the axial heat conduction
only one of their major concerns, no much detail were presented
in their paper in this regard. As indicated above Patankar and Spar-
row showed [16] that the external convective heat transfer condi-
tion has its two limiting cases: the negligible convective thermal
resistance obtains the constant temperature result (Nu = 3.66) the
negligible conduction resistance approaches the uniform heat flux
condition (4.36). Our numerical results make a new contribution in
this aspect: that for laminar flow in a thick-walled tube with con-
stant outside surface temperature, the negligible axial wall heat
conduction leads to the uniform surface temperature of the inner
wall and the predominant axial heat conduction approximates
the uniform heat flux at the tube inner surface.

5. Conclusions

A comprehensive numerical study of the simultaneously devel-
oping forced laminar flow and heat transfer in thick wall micro-
tubes with constant outer wall temperature has been conducted
by taking into account the conjugate effect of two-dimensional
wall conduction and fluid axial conduction. Heat transfer charac-
teristics are relied on four non-dimensional groups, Re, Pe(=RePr),
ksf and d/Ri. Computations have been conducted in the following
parameter ranges: 30 6 Re 6 2280, 1 6 Pr 6 7, 1 6 ksf 6 10,000,
and 0 6 d/Ri 6 3.79. The main conclusions are as follows:

(1) The influence of the ratio of wall thickness over tube diam-
eter to forced laminar convection flow in a thick wall micro-
tube strongly depends on the wall-to-fluid conductivity ratio
ksf.

(2) Under the conditions of 30 6 RePr 6 11,560 and ksf > 25, the
effects of wall thickness over tube diameter on the local Nus-
selt number, the thermal entrance length and the asymptotic
Nusselt number can be neglected. The results about the ther-
mal entrance length and the asymptotic Nusselt number are
in good agreement with the results of convective heat transfer
in a conventional tube with uniform inner wall surface.

(3) Under the conditions of 30 6 RePr 6 11,560 and ksf 6 25, the
effects of wall thickness over tube diameter on the local Nus-
selt number, the thermal entrance length and the asymp-
totic Nusselt number must be considered. There is also the
thermal developed region in the far downstream. But as
the wall thickness over tube diameter increases, the thermal
entrance length and asymptotic Nusselt number increase
and are larger than those of convective heat transfer in a
conventional tube with uniform inner wall surface. The
maximum asymptotic Nusselt numbers obtained in this
study is about 4.3. The maximum departure between the
two thermal entrance lengths exceeds 20%.

(4) It is very likely that as the ratio of the wall thickness over
tube diameter increases and the wall-to-fluid conductivity
ratio ksf decreases, the heat transfer in a thick-walled tube
with constant outside wall temperature undergoes the
transformation of the inner surface thermal boundary condi-
tion: from uniform temperature to uniform heat flux. It is
similar to the laminar heat transfer in a thin-walled tube
with the external convective boundary condition where
the very large and very small external heat transfer coeffi-
cients correspond to the constant wall temperature and con-
stant wall heat flux conditions, respectively.

(5) The basic function of the axial wall heat conduction, at least
for the case studied, is to unify the heat flux at the inner wall
surface. The criterion for judging the effect of the axial wall
heat conduction may be problem-dependent, and M crite-
rion proposed in [17] is not suitable for the analysis of ther-
mally-developing fluid flow and heat transfer in
microchannels/tubes with a fixed outer wall temperature.
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