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Numerical simulation of fully developed turbulent flow and heat

transfer in annular-sector ducts

Z.-Y. Li, T.-C. Hung, W.-Q. Tao

Abstract The mixing length theory is employed to simu-
late the fully developed turbulent heat transfer in annular-
sector ducts with five apex angles (6, = 18,20, 24, 30,40°)
and four radius ratios (R,/R; = 2,3,4,5). The Reynolds
number range is 10*~10°. The numerical results agree well
with an available correlation which was obtained in fol-
lowing parameter range: 6, = 18,20, 24, 30,40°, R,/R; = 4
and Re = 105 x 10*. The present work demonstrates
that the application range of the correlation can be
much extended. Apart from the mixing length theory,
the k—& model with wall function and the Reynolds

stress model are also employed. None of the friction
factor results predicted by the three models agrees well
with the test data. For the heat transfer prediction

the mixing length theory seems the best for the cases
studied.

1
Introduction
Internally finned tubes are widely used for enhancing heat
transfer, particularly in power and chemical engineering,
petroleum industry, and air-conditioning systems. Finned
annulus is one of such geometry. When the fins span the
full radial width of the annulus, the finned construction
becomes a multi-passage channel [1, 2], in which every
passage is annular-sector in shape (see Fig. 1a). Heat
transfer and fluid flow characteristics in ducts with non-
circular cross-section have been extensively studied in the
past, and comprehensive reviews have been made in [2—4].
In the following only the works related to fluid flow and
the heat transfer in the annular-sector ducts are briefly
reviewed.

Sparrow et al. provided their analytical solution for fRe
of laminar flow in annular-sector ducts [1]. Soliman et al.
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solved the fluid flow problem for the entrance region [5].
Later Soliman [6] and Ben-Ali et al. [7] investigated the
fully developed fluid flow and heat transfer for the three
kinds of thermal boundary conditions: uniform wall tem-
perature (T); uniform wall flux axially but uniform wall
temperature circumferentially (H1); and uniform wall flux
both axially and circumferentially (H2). Lin et al. [8]
studied the laminar thermal entrance problem for T and
H1 boundary conditions. The works mentioned above are
all for laminar flow case using numerical or analytical
methods. As far as the turbulent heat transfer and fluid
flow in annular-sector ducts are concerned, the related
works known to the present authors are that by Carnavos
[9], and Tao et al. [10]. In the work of Carnavos some data
of the over-all heat transfer coefficient and friction factor
for a multi-passage annular channel were obtained. Tao
et al. experimentally investigated the thermal developing
and fully developed turbulent fluid flow and heat transfer
for five annular-sector ducts, with apex angle varying from
18 to 40°. In their experiments, the outer surface was
electrically heated, while the inner surface was adiabatic.
This boundary condition was supposed to simulate the
heat transfer in a gas-cooler where the hot gas goes into
the annular space and water cools the gas from the outside
surface of the annular space. The inner tube of the annulus
was used as a supporter for the radial fins and no fluid
goes through its inner space. Gas-coolers based on this
kind of multi-passage channel with fins further finned at
the outside surface of the inner tube are now applied in
many heat exchangers for cooling gas. In the work of Tao
et al. a correlation for the fully developed turbulent heat
transfer was provided. The correlation was based on their
test data in the following parameter range: Re = 10*-5
x10%, Pr = 0.7, R,/R; = 4 and 0, = 18,20, 24,30 and 40°.
Since thermally fully developed turbulent heat transfer is
often encountered in engineering applications, numerical
study on this subject is of essential importance. A search of
literature, however, did not find any related numerical
works for the fully developed heat transfer in the annular-
sector ducts.

The purposes of the present study are three-fold. First,
different turbulent models are used, from simple mixing
length theory to quite sophisticated Reynolds stress model
to simulate the fully developed heat transfer for gas in the
parameter range of Tao et al.’s study, so that an appro-
priate turbulent model can be picked out for the problem
studied by comparisons between the numerical results and
test data. Then this model is adopted to extend the geo-
metrical range by varying the radius ratio from 2 to 5 and
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Fig. 1. Geometry of duct investigated. (a) Finned annular-sector
duct (b) Computational domain

Reynolds number from 5 x 10* to 10°, to further examine
whether the correlation provided by Tao et al. can be still
used. Finally, the heat transfer and fluid flow characteris-
tics (velocity and temperature contours) are presented
based on the numerical results to enhance our under-
standing on such a basic turbulent heat transfer
problem.

2

Mathematical and physical model

For the steady-state, fully developed fluid flow and heat
transfer in annular-sector duct (Fig. 1b), ignoring the axial
heat conduction, the general governing equations may be
written in polar coordinates as [11]:

10 0¢ 10 0¢ B
T <7’Feff§> +;@ <reff@> +S84=0 (1)

where ¢ is the general variable, I'e is the effective dif-
fussivity and S, is the source term. The expressions for
I'ets and Sy are listed in Table 1 [11], in which the standard
k—e model is incorporated.

The turbulent viscosity y, is determined by following
equation

e = cupk?/e (2)

The constants in Table 1 and Eq. (2) are listed in
Table 2.

The mixing length theory

For the flow in the annular-sector duct, velocity gradients
exist both in r- and 0-direction. According to the mixing
length theory of Prandtl and the method proposed by

Table 1. Expressions for I'egr and S,

Transport equations ¢ e Sy

Continuity equation 1 0 0

Momentum equation w W+ —dp/dz

Energy equation T w/Pr+ purp/or  —pw 0T/0z*

Turbulent kinetic k U+ /o 1, G® — pe
energy equation

Dissipation rate & w1/ o £(c1G” — cppe)
equation

*pw 8T /0z = pwd) dTp/dz, ¥ = 71—

G = (Ow/0r)*+(ow/roh)>?

Table 2. Constants in Table 1 and Eq. (2)

Cu Ok o, or o] c

0.09 1.00 1.30 0.9 1.44 1.92

Patankar et al. [12], the turbulent viscosity of this case
may be determined by following equation:

e ()2 5

where L is the effective mixing length. The determination
of L is conducted basically along the line suggested by
Patankar et al. [12]. Considering a point with coordinates
of (r,0), see Fig. 1b. First, assuming an annular pipe flow
without fins, the mixing length at r is Ly(r), where the
subscript p refers to a pipe flow. Next, regarding the two
radial surfaces as a wedge-type channel, the mixing
length at 0 is L.(0), where the subscript ¢ denoting a
channel. In the annular-sector duct, the tube wall and
radial surface simultaneously influence the mixing length
at (r,0). Thus the effective mixing length must be a kind
of superposition of the individual mixing lengths. Since
the closer is the point to one of these surfaces, the
stronger should be the influence of that surface on the
effect mixing length. The superposition of the reciprocals
of Ly(r) and L.(0) can meet above-mentioned require-
ment. Thus we have

LS S
L Ly(r) Lc(0)

(4)

To consider the damping effect of the molecular viscosity
in the vicinity of solid surface, the mixing lengths are each
represented as the product of a Nikuradse-type mixing
length and the Van Driest damping factor, that is

Ly(r) = [1 —exp(y*/26)] -
L(0) = [1 — exp(s*/26)] - I

Attention is now turned to the determination of ,(r) and
I.(0). Considering a fully developed turbulent flow in an
annulus with inner radius R; and outer radius R,. The
velocity is zero at R;, increases with increasing R, attains a
maximum at R = R, and then decreases to zero at R,.
From this physical intuition, we adopt following mixing

()



length representation for L, which is consisted of two

tion, the dimensionaless velocity and distance are defined

Nikuradse-type expressions for the inner and outer part of as follows:

the annulus, delineated by the radius Ry,: R; < R < R, and
R, <R <R,. Let

W =wp/VVrulp =" In(Ey;), ¥i =pypv/nlplit (10)

y=R=Ri ym=Rn=Ri yom=Ro~Rnm The turbulent dissipation at the first internal point is
then [, can be expressed by determined by
I — { L= [br = by(1 = y/ym)” ~ bs(1 = 7/ym) Iym; 7 < Jm (6)

lo = [0.14 = 0.08(y = ym)"/Yom = 0.06(y = ym)" [Yom[Yom: ¥ > ym

where b; = 0.14Yom/Ym> b2 = 2b; — 0.5k;, b3 = 0.5k; — by.
The constants in I, are obviously copied from Nikuradse
equation for the mixing length in a tube. The constants
in L, by, by, and b; are derived from the following
physical conditions: (1) }; =0 at y = 0; (2) 0;/0y = k;
at y=0; and (3) [, =; at y = yy,. The expressions of
Ry, and k; for concentric annular flow are as follows
[12]:

1
2

(Ro/Ri)* —
(Ro/Ri)(Q* — 1)

B Rim B 1 + (RO/Ri)O.657
Ro 1 + (RO/Ri)0.343

where « is the von Karman constant (0.4).

It should be noted that Eqgs. (7) and (8) are obtained for
the concentric annular flow. The value of Q in this study is
iteratively determined during the numerical solution
procedure as follows. Numerical simulation is conducted
first by using the value from Eq. (8) as an initial one. From
the converged solution the position of R, is searched. If
the computed value is appreciably deviated from the
predicted one, then computation is repeated until the
difference between predicted and computed values of Ry, is
less than some pre-specified value. In this study a relative
difference of 5 x 10~* was adopted as the allowed
difference.

Similarly the mixing length L.(6) can be evaluated by
following equation

ki (Ro/Ri)
Q-1

(7)

(8)

(11)

&p = cf/‘lk;/z/;cyp
The dimensionless temperature is computed by

TH = GT(WJr + Pfun) s

Ppun = 9.0 [(i—i) - 1] (:—;) o (12)

where 7, is the wall shear stress. It is worth pointing out
that in many references adopting wall function method,
the definitions of dimensionless velocity and distance
usually include the turbulent kinetic energy (see for
example, Refs. [11, 14]) and are cited as follows:

W, (Cg.zskgs) )
T N _1 E -+
w olp _In(Byy)
Yo Cz.zskg.s
ﬁ——LT—) (13)

However, our preliminary computations showed that us-
ing Eq. (10) could lead to numerical results which have a
better agreement with the test data. The compared results
are shown in Fig. 2.

The Reynolds stress model

We adopted the FLUENT software (version 4.4.8) to pre-
dict the fluid flow and heat transfer by the Reynolds stress
model. For the steady flow without rotation, the Reynolds
stress equations can be written as

I — { [ay — ay(1 — 5/50)* — as(1 — s/50)"]s0,

[a1 — a(1 — (st — 5)50)2 —a3(1— (sy — 5)50)4]507

s <sp=R0y/2 ()
s > sg,sT = Rb

where a; = 2a; — 0.5x,a; = 0.5k — a;. In Eq. (9) a; is an
adjustable constant such that the predicted heat transfer
results can meet the test data more closely.

The k—& model with wall function

In the prediction of the turbulent flow and heat transfer,
the k—¢ two-equation model in conjunction with the wall
function method has been widely used in the literature.
This method is also adopted as one of the turbulence
models in this study. From many successful computed
examples, we found that the problem studied by Yueh and
Chieng [13] is quite similar to our case. They predicted the
heat transfer characteristics of the flow for CANDU-type
19-rod fuel bundles using this model. In their computa-

)+ o ) o ()

0

—_0u; ——ou;|  p (O ou
i Ly, | L
[u’uk Oxy T ©xk] * p <6xl~ + ij)
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Fig. 2. Effect of the definitions of u™ and y* on the numerical
results. (a) Effect on friction factor, (b) Effect on Nusselt number

where S;; and Dj; are terms related to the curvature if
cylindrical coordinate is used [15, 16]. There are many
different methods to modelize the above equation. In the
FLUENT the method by Launder [15] is used to modelize
the diffusion term, pressure-strain term and viscos dis-
sipation term. The boundary conditions are given
explicitly.

3
Numerical methods
The discretized forms of the governing equations were
derived by integrating the equations over a finite control
volume. The resulted algebraic equations were of diffu-
sion-type and solved by SLUR method in conjunction with
TDMA.

When the k—¢ model with wall function is used, the
following condition should be satisfied while choosing the
first internal points in the vicinity of the wall.

+ ot
115 < Xp 2 Vp < 400

(15)

where x, y7~ are the dimensionless circumferential and
radial coordinates, respectively, of the first internal

points. The “large coefficient method” proposed in [17]
was used for assigning the specified values of turbulent

dissipation from Eq. (11) to the first internal points in the
vicinity of the wall.

In using the FLUENT software, the calculation of the
fully developed flow and heat transfer is realized by de-
fining the inlet and outlet boundary conditions of a three
dimensional solution domain as the periodic fully devel-
oped ones.

4

Results and discussion

Computations were first performed to find out the most
suitable value of a; in the mixing length theory, the ratio of
Rin/R; and the appropriate range of x, y, in the two-
equation turbulence model for the cases studied. In the
presentation followed, some results related to the prelim-
inary computations will be first presented, followed by the
friction factor and heat transfer results of the three tur-
bulence models in the test parameter range of Ref. [10].
Then the results of extended computations for heat
transfer are provided.

The major findings in our preliminary computations are
as follows. For the mixing length theory the most suitable
value of the adjustable coefficient a; is 0.7, and this value is
used for all the computations when this model was
adopted. It is also found that the iteration could converge
more rapidly if a non-uniform grid distribution was used,
with more grid points clustered near the surface. The re-
sults of the ratio of Ry, /R; are listed in Tables 3 and 4. It
can be seen that this ratio is dependent on the ratio of

Table 3. Comparison of predicted and iteratively computed value
of R /R; (0 = 40°)

RO /Ri Re Rm/Ri
Predicted by Iteratively
Eq. (8) determined
2 10,000 1.4408 1.5467
100,000
3 10,000 1.8138 2.2068
100,000
4 10,000 2.1499 2.7524
100,000
5 10,000 2.4616 3.2669
100,000

Table 4. Comparison of predicted and iteratively computed value
of Rm/Ri (RO/Ri = 4)

90 Rm/Ri
Predicted by Iteratively
Eq. (8) determined

40 2.1499 2.7524

30 2.1499 2.9161

24 2.1499 3.0157

20 2.1499 3.1105

18 2.1499 3.1561




R,/R; and the apex angel. Generally, the numerical com-
puted values are larger than what are predicted by the
equation for a concentric annulus. The larger the radius
ratio and the smaller the apex angle, the higher the devi-
ation. The deviation ranges from 7% for , = 40° and
R,/R; = 2-65% for 0y = 18° and R,/R; = 5. For the
standard k—¢ model it was found that the numerical heat
transfer results obtained with 20 < x; , y; < 30 agreed
with the test data most satisfactorily.

In order to obtain the grid-independent solutions using
mixing length theory, the numerical calculations are con-
ducted on the four grids with different grid numbers for
the following case: R,/R; = 4, Re = 35000 and 6, = 40°.
Some numerical results and the results from Richardson
extrapolation [18] are listed in Table 5. Considering the
balance between accuracy and economics, the first grid
system is chosen for all the computations, and the esti-
mated relative errors are 2.77 and 2.36% for the computed
friction factors and Nusselt numbers, respectively.

For the k—¢ model with wall function, it is more im-
portant to satisfy the condition (15) than to refine the grid.
So the grid number 42 x 52 is chosen, which can keep
x,,yy in the range from 20 to 30 during the numerical
computations.

In the following section, the results are first presented
for the cases tested in [10], followed by the results of ex-
tended computations in which both the ratio of R,/R; and
the Reynolds number range are extended.

Fluid flow characteristics
The friction factor is defined as

f= —%De/(O.S-pwlz,) (16)

where D, and w;, are hydraulic diameter and mean velocity
at the cross-section, respectively.

Using the three turbulent models mentioned above, the
predicted variations of the friction factor in the fully
developed region with the Reynolds number are shown in
Figs. 3-5, respectively. Figure 6 is the experimental results
by Tao et al. [10]. Clearly, none of the predicted results
from the three turbulence models are satisfactory. The
major disagreements are as follows. The experimental
results show that at the same Reynolds number the fric-
tion factor decreases with the decrease in apex angle. This
variation trend is seemingly consistent with some existed
test results for other non-circular geometry [19]. The
predicted results from mixing length theory and k—e
model show some insensitivity of the friction factor to the
apex angle, only the results of the Reynolds stress model
exhibit the same trend with an appreciably quantitative
difference. As far as the slope in f—Re curve is concerned,

the results from mixing length theory and Reynolds stress
model are quite agreeable with the test data. More re-
search work is needed to achieve satisfactory numerical
results for friction factors both qualitatively and quanti-
tatively.

+ 1B8deg
@ 20deg
W 24deg
A 30deg
¥ 40deg

0.05

0.01
10,000 30,000 40,000 50,000

Re

Fig. 3. Variation of friction factor with the Reynolds number (the
mixing length theory)
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Fig. 4. Variation of friction factor with the Reynolds number
(k—¢ model)

Table 5. Grid - independent

examination The mixing length theory Richardson
Grid points extrapolation
42 X 52 66 X 66 82 x 82 102 x 102
f(x1072) 2.1639 2.1440 2.1212 2.1163 2.1055
Nu 71.216 70.908 70.116 69.793 69.571
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Fig. 5. Variation of friction factor with the Reynolds number (the
Reynolds stress model)
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Fig. 6. Variation of friction factor with the Reynolds number (the
experimental results)

Heat transfer characteristics
It is well known that in the fully developed region the
effect of the thermal boundary condition on the heat
transfer can be neglected [20]. In order to accelerate the
iterative convergence, the first kind of boundary condition
was applied to the annular surface. That is the outer sur-
face of the annular-sector configuration was assumed to be
at constant temperature. Computations were conducted
for air with Pr = 0.703.

The bulk temperature of the fluid is defined as

Ty = // prrdrdH///pwrdrdH (17)

According to the heat balance, the mean heat transfer
coefficient can be derived as

_ pwpAc,dTy/dz

S(Ty — Ty) (18)

where S and A are the heat transfer area and the cross-
section area, respectively. The Nusselt number is defined
as

Nu = aD,/k (19)

The variations of the Nusselt number with the Reynolds
number are shown in Figs. 7-9 for the three turbulence
models, respectively. The experimental results in [10] can
be well-correlated by the following equation

Nu = 0.0281Re’7” (20)

This equation is shown by a solid line in the above three
figures for comparison. It is found that very satisfactory
results are obtained using the mixing length theory

(a; = 0.7). While as a whole the k—¢ model with wall
function over-predicts the heat transfer rate, with in-
creasing deviation when the Reynolds number decreases.
The predicted results from the Reynolds stress exhibit

Nu
100

%

50

® l8deg
* 20deg
B 24deg
A 3deg
¥ d0deg
experimental

20,000 30,000 40,000 50,000

Re

Fig. 7. Variation of the Nusselt number with the Reynolds
number (the mixing length theory)
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A 30deg
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10
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Re

Fig. 8. Variation of the Nusselt number with the Reynolds
number (the k—¢ model)



Nu
100
50
* @ 18deg
+ 20deg
W 2ddeg
A Ideg
¥ 40deg
experimental
10
10,000 20,000 30,000 40,000 50,000

Re

Fig. 9. Variation of the Nusselt number with the Reynolds
number (the Reynolds stress model)

systematic and appreciable apex angle sensitivity, with the
largest apex angle having the highest Nusselt number. At
the same Reynolds number the Nusselt number of the duct
with an apex angle of 40°is about 23% higher than the
Nusselt number of 18°. Such appreciably and systematic
sensitivity was not observed in the test data of [10].

The secondary flow contribution at the cross-section
Previous numerical simulation [21, 22] of fully developed
turbulent fluid flow in non-circular tubes indicated that
there are secondary flows at the cross-section although the
flow is fully developed. In our numerical simulation, such
a secondary flow can not be captured by using the mixing
length theory and the k—& model, since the governing
equations therein contain only the axial velocity w and the
temperature T. Numerical simulations are conducted for
revealing this secondary flow by using the Reynolds stress
model. The velocity vectors at the cross section as shown
in Fig. 10 for three apex angles. Clearly, the secondary flow
mainly lies in the four corners. Moreover, the strength of
the secondary flow weakens with the increase in apex
angle. Maybe this is one of the reasons that the numerical
results of the friction factors using the mixing length

theory and the k—¢ model do not show appreciable apex
angle sensitivity. However, our numerical practices show
that the secondary flow does not have strong effect on the
average heat transfer behavior in the fully developed
region.

Results of the other cases of different ratios of R,/R;
According to the above comparisons of the numerical
results with those of the experiments, from the consider-
ations of both agreement and computational time and
memory, the mixing length theory is considered the best
among the three models to predict the fully developed heat
transfer behavior for the annular sector ducts. Therefore
further investigations are performed to extend the ranges
of the radius ratio, R,/R;, and the Reynolds number.
Computations are conducted for the five apex angles with
radius ratio of 2, 3, and 5, and within the Reynolds number
range from 10* to 10°. The heat transfer results for apex
angles of 18 and 40° are shown in Figs. 11, 12. In the
figures the results for R,/R; = 4 and Eq. (20) are also
presented for comparison. It can be seen that numerical
results agree very well with the experimental correlation
within the parameter range studied, with a maximum de-
viation less than 8.3%. Similar results are also obtained for

Nu

110

100 |

50 1 experimental

OC  Ro/Ri=2
L A Ro/Ri=3
[ ® Ro/Ri=4
A Ro/Ri=5
10 - -
10,000 50,000 100,000
Re

Fig. 11. Heat transfer characteristics (6 = 18°)

Fig. 10. Contributions of the secondary
flow at the cross section with different
apex angle
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100
50 [
L experimental
O Rol/Ri=2
A Ro/Ri=3
® Ro/Ri=4
A  Ro/Ri=5
10 - - -
10,000 50,000 100,000
Re

Fig. 12. Heat transfer characteristics (6 = 18°)

the other three apex angles, and for simplicity they are not
reproduced here.

Finally, the axial velocity and temperature contours for
the case of 0, = 40°,R,/R; = 4 and Re = 35000 are pre-
sented in Fig. 13. It can be seen that the contour shapes of
the non-dimensional axial velocity and non-dimensional
temperature in the fully developed region resemble each
other, in which lies the basis of the approximate theory of
the Reynolds analogy. It may be interesting to show the
intermediate results of the velocity and temperature con-
tours when Eq. (8) is used to specify the ratio of Ry, /R;.

Fig. 13a,b. Contours of dimensionless velocity and temperature
(Rm/R; determined iteratively)

These are shown in Fig. 14. Apart from the shape differ-
ence in contour lines, careful inspection of Fig. 14a reveals
that the intermediate results of axial velocity contours
actually gives a larger value of R;,,/R; than it is predicted
by Eq. (8) (2.1499 for this case). Therefore iteration must
be conducted to eliminate the inconsistency between the
specified and computed value of Ry, /R;.

5
Conclusion
Using the mixing length theory, k—¢ model and Reynolds
stress model, numerical study has been conducted for the
fully developed turbulent fluid flow and heat transfer in
annular-sector ducts having apex angles ranged from 18 to
40°. Comparisons of numerical results with available test
data are conducted. Following conclusions may be drawn:

1. None of the three turbulence models can predict the
fully developed friction factors which agree well with the
test data both qualitatively and quantitatively. In the re-
sults of the Reynolds stress model, the variation trend of
the friction factor with the apex angle agree with the ex-
periments with an appreciably over-prediction deviation.
The Reynolds stress model can resolute the cross section
secondary flow. And it is found that the secondary flow
mainly lies in the four corners and the strength of the
secondary flow weakens with the increase in apex angle.
Further research is needed to improve the model for more
accurate prediction of the flow characters.

2. For simulation of the fully developed heat transfer
character, the mixing length theory seems the best for the

Fig. 14a,b. Contours of dimensionless velocity and temperature
(Rm/R; determined by Eq. (8))



cases studied. With iteratively determined ratio of Ry, /R;,
the mixing length theory is adopted to predict heat
transfer for the following parameter range:

0o = 18,20,24,30 and 40°, R,/R; = 2,3,4,5 and

Re = 10*-10°. Numerical results agree with the available
correlation very satisfactorily with the maximum deviation
of 8.3%. Thus present numerical work demonstrates that
the application range of Eq. (20) can be extended to the
parameter range indicated above, though its original test
range is 0p = 18,20, 24,30 and 40°,R,/R; = 4, and

Re = 10*-5 x 10°.
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