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Developing Laminar Flow
and Heat Transfer in
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For annular-sectorducts, steady, laminar, and constant-propertyforced-convection� ow and heat
transfer in the entrance region have been analyzed numerically using a general, marching
procedure. Two types of thermal boundary conditions have been considered: (1) uniform
temperature both axially and peripherally (T boundary condition); (2) uniform axial heat � ux with
uniform peripherally temperature at any cross section (H1 boundary condition).Numerical analysis
has been conducted in the following range of parameters: Di / Do = 0.00, 0.25, 0.50, apex angle of
the sector 2 a = 18±, 20±, 24±, 30±, 40±, and Pr = 0.707. The solutions of the developing Nusselt
number and friction factor are presented as functions of nondimensionalaxial distance.
Comparisons are made between the computed results and the analytical or numerical results
available in the literature.For all cases compared, satisfactory agreement is obtained.

Internally � nned tubes are commonly used as ef� -
cient means of augmenting convective heat transfer in
tubular heat exchangers. A number of numerical in-
vestigations have been performed for the heat transfer
and pressure drop characteristics in fully developed re-
gions of various internally � nned tubes [1–8]. For lam-
inar developing � ow and heat transfer in a circular tube
with internal longitudinal � ns, numerical simulations
have been conducted [9–11] assuming the � ow to be
parabolic in the axial direction.

In circular and annular tubes with longitudinal � ns
there are two limiting cases which are widely used in
engineering. One is the sector duct, which can be con-
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sidered as the limiting case of a circular tube with its
longitudinal continuous � ns spanning the full length of
the radius. The other is the annular-sector duct [12], for
which the � ns in annulus span the full width of the annu-
lus. The numerical analysis of the developing � uid � ow
and heat transfer in the circular-sector duct was con-
ducted by Lei and Trupp [7] and Chung and Hsia [13].
Although the fully developed � uid � ow and heat trans-
fer in the annular-sector duct has been performed by
several authors [8, 14–16], no results are provided in the
literature for the developing region. The thermally
developing laminar � ow and heat transfer in ducts of
different cross sections continue to be an interesting
subject in recent literature [17–19], but the developing
situation in the annular-sector duct is still not involved.
The annular-sector duct may be considered as one sub-
channel of a multipassage annular tube, which is used
in the intercooler of gas compressors for the cooling
of pressurized gas, in double-pipe heat exchangers, etc.
The aim of the present study is to predict numerically
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the developing laminar � ow and heat transfer through
annular-sector ducts with apex angles ranging from 18±

to 40±.

MATHEMATICAL FORMULATION

As shown schematically in Figure 1a, the duct being
investigated has outer diameter Do, inner diameter Di ,
and an apex angle 2a . The � uid � owing through it is
assumed to be incompressible and of constant proper-
ties. The � ow is laminar and in steady state. Moreover,
viscous dissipation and the effect of natural convection
in the cross plane are neglected. Considering the sym-
metry of the problem, only half of the duct should be
taken into account, the cross section of which is shown
in Figure 1b.

The � uid entering the duct has a uniform inlet ve-
locity w in and a uniform temperature Tin. As a funda-
mental research, in the following, two typical thermal
boundary conditions will be considered, i.e., isothermal
both axially and peripherally (T boundary condition)
and uniform heat � ux axially with uniform temperature
peripherally (H1 boundary condition).

The problem under consideration has a predominant
direction (the axial direction) in which upwind convec-
tive in� uence exerts strongly on the downwind � ow, so

Figure 1 Annular-sector duct: (a) pictorial view; (b) cross
section.

it can be traced to be parabolic in the streamwise di-
rection and the streamwise diffusion of momentum and
energy can be omitted.

Introduction of the parabolic approximation allows
the pressure to be written as

p = p̄ + p̃ (1)

¶ p
¶ z

=
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¶ q
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¶ q

¶ p
¶ r

=
¶ p̃
¶ r
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where p̄ can be thought as a form of space-averaged
pressure over the duct cross section, and p̃ is the small
pressure variation governing the � ow distribution in the
cross-stream plane. Such assumption reveals the un-
coupling of longitudinal and lateral pressure gradients,
which may be calculated in different way. The velocity
component in the main � ow direction is driven by the
gradients of p̄ (i.e., the term d p̄ / dz), while for the cross-
stream � ow the gradients of p̃ enter into the momentum
equations. As a result, to predict the performance nu-
merically, computations for a three-dimensional para-
bolic � ow are suf� cient by employing a marching-type
procedure which involves the solution of a two-dimen-
sional elliptic problem in the cross section plane by
plane.

Considering the r, q , z polar-cylindrical coordinates
shown in Figure 1, the governing equations for the
present problem reduce to the parabolized Navier-
Stokes equations devoid of the axial diffusion terms.

By introducing the dimensionless variables R =
2r / Dh , Z = z / (Dh Re), U = u / (2 m Dh), V = v / (2 m Dh),
W = w /w in, P = p / (pw 2

in), Re = w in Dh / m , Dh =
p (D2

o ¡ D2
i )/ [p Do + p Di + (Do ¡ Di )], u T =

(T ¡ Tin)/ (TW ¡ Tin), u H1 = (T ¡ Tin)/ (Q 0 / k f ), the di-
mensionless governing equations are as follows:
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Energy:
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The corresponding inlet and boundary conditions are as
follows:

At Z = 0: U = 0, V = 0, W = 1
u T = 0 (for T condition),
u H1 = 0 (for H1 condition)

At wall surfaces: U = 0, V = 0, W = 0
u T = 1 (for T condition)
u H1 = u (Z ) (for H1 condition)

COMPUTATIONAL PROCEDURE

Using the control-volume-based,fully implicit, � nite-
difference method, the procedure used in the present
study is basically the same as proposed by Patankar and
Spalding [20], except that the discretization scheme for
the convection-diffusion terms in the cross section is
the power-law scheme. The details of solution proce-
dure can be found in [20].

It should be noted that for the case of isothermal
condition, solving the energy equation is quite straight-
forward. However, for the H1 boundary condition, only
a uniform axial heat input is given, while the tempera-
ture TW (z) is unknownbeforehandand is a function of z.
Prakash and Liu [9] recommendeda procedure in which
the wall temperature for the downstream cross section

is adjusted iteratively until the computed bulk temper-
ature Tb(z) agrees with the exact bulk temperature ob-
tained by a heat balance. This method was adopted in
the present study.

Numerical computations were performed in the fol-
lowing parameter ranges: Pr = 0.707, 2 a = 18±, 20±,
24±, 30±, 40±, and Di / Do = 0.00, 0.25, 0.50.

In order to get better resolution of the developing
process, the step size of the marching procedure was
gradually increased, and it was determined as follows:
D z(k) = (z / 125,000)¢ (1.1)k ¡ 1, where D z(k) is the
marching step size advanced from the kth cross section
to the (k + 1)th cross section. For the case of 2 a = 18±,
Pr = 0.707, and Di / Do = 0.25, two grid systems were
used in exploratory runs: 16(r ) £ 25(q ) £ 90(z) and
32(r ) £ 50( q ) £ 90(z). It was found that the differences
in the overall results of friction factor and Nusselt num-
ber was around 1%. The accuracy of the numerical solu-
tion from the 16 £ 25 £ 90gridswasdeemed satisfactory,
hence this grid system was used for all computations.

At each marching step, the convergence criterion of
iteration process was that the relative change in u of
successive two iterations was less than 5 £ 10 ¡ 5. The
number of iterations needed was usually about 200.

Numerical results were obtained for both the devel-
oping and the fully developed regions of each duct. The
fully developed results were obtained � rst by solving a
2D elliptic problem. Then, the results in the developing
region were computed step by step along the axial di-
rection. The entire length calculated was 200 times Dh .
It usually took 45 steps to make the local friction fac-
tor and Nusselt number approach their corresponding
fully developed values within 1% difference. In the fol-
lowing, the numerical results will be presented in three
separate parts, the hydrodynamic results � rst, then the
thermal results for the H1 boundary condition, and � -
nally the results for the T boundary condition.

HYDRODYNAMIC RESULTS

It is convenient to present the pressure drop results
in terms of a friction factor fh , de� ned as

fh =
( ¡ d p̄ /dz) ¢ Dh

(pw̄ in)2 / 2
Reh =

w in ¢ Dh

m
(8)

The pressure drop from the inlet to some given axial
location downstream may be expressed in the following
manner:

p̄ in ¡ p̄(z)

( q w 2
in / 2)

= ( ffd,h ¢ Reh )( z

Dh ¢ Reh ) + K (z) (9)
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Table 1 Hydrodynamic numerical results

Di / Do Result 18± 20± 24± 30± 40±

0.00 ffd,h ¢ Reh 50.663 51.027 51.712 52.652 54.034
K ( 1 ) 1.959 1.922 1.865 1.792 1.698

Lhy / (Dh ¢ Reh ) 0.129 0.128 0.124 0.101 0.0952
0.25 ffd,h ¢ Reh 63.224 62.724 61.806 60.630 59.182

K ( 1 ) 1.672 1.670 1.607 1.565 1.521
Lhy / (Dh ¢ Reh ) 0.0909 0.0911 0.091 0.0838 0.0771

0.50 ffd,h ¢ Reh 61.847 60.723 59.033 57.599 57.078
K ( 1 ) 1.396 1.425 1.460 1.498 1.246

Lhy / (Dh ¢ Reh ) 0.0728 0.0747 0.0781 0.0762 0.0594

where ffd,h is the fully developed friction factor, and
K (z) is the dimensionless excess pressure drop (or the
incremental pressure drop) due to entrance effect. Once
the axial location was suf� ciently far from the inlet,
the value of K (z) reduced to a constant K ( 1 ). The
numerical results of hydrodynamiccomputation will be
presented in the form of fh and K ( 1 ) as a function of z.

Value of f ¢ Re

The fully developed values of ffd,h ¢ Reh obtained
in the present study are given in Table 1. The agree-
ment of the present numerical results with the previ-
ous analytical solutions for the annular-sector duct [21]
and with the circular-sector duct [22] is quite satisfac-
tory. For example, the numerical results of ffd,h ¢ Reh

for 2 a = 20±, Di / Do = 0.50 differs from the analytical
one by only 0.78%.

The variation of fh ¢ Reh in the entrance region is
presented in Figure 2.As expected, the axial distribution
of fh ¢ Reh for all ducts studied demonstrates a common
trend: decreasing with z / (Dh ¢ Reh ) sharply at � rst, then
tending to level off and approaching the fully developed
value asymptotically.

Variation of Incremental Pressure Drop

Variation of the incremental pressure drop in the en-
trance region is presented in Figure 3.Asexpected, K (z)
increases with z, approaching asymptotically a constant
value at certain large axial distance. This behavior is en-
tirely consistent with the interpretation of K (z) as the
accumulated increment in the pressure drop due to � ow
development between z = 0 and z. The asymptotical
value that K (z) approaches for large z is called K ( 1 ),
which corresponds to the overall incremental pressure
drop due to entry � ow development process.

As a check of our code, a preliminary computation
was performed for a circular tube. The numerical result
of K ( 1 ) is 1.247, which agrees with Bender’s theoret-
ical result [23] (1.25) very well.

The values of K ( 1 ) are also summarized in Table 1.
Results of the table indicate that for a given value of
Di / Do, the K ( 1 ) increases with the decrease in apex
angle 2 a . For a givenapex angle 2a , the values of K ( 1 )
decreases with the increase in Di / Do.

For the circular sector duct (Di / Do = 0.0), Sparrow
and Haji-Sheikh [24] obtained K ( 1 ) = 1.657, 2.0, and
2.235, corresponding to 2 a = 45±, 20±, and 15±, res-
pectively. Our numerical results [1.647 (45±), 1.922
(20±), and 2.214 (15±)] agree with Sparrow and Haji-
Sheikh’s solution very closely. The difference may be
partly attributed to the approximation introduced in
Sparrow and Haji-Sheikh’s analysis, in which the ef-
fect of secondary � ow in the cross-stream plane was
omitted.

Figure 2 Axial distribution of f ¢ Re.
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Figure 3 Axial distribution of K (z).

Estimation of the Hydrodynamic Entrance Length

Conventionally [25], the hydrodynamic entrance
length Lhy is de� ned as the distance for the axial veloc-
ity at the center line to reach 99% of the fully developed
value. This length may also be de� ned in terms of the
distance required for K (z) to approach its fully devel-
oped value within a preassigned percentage (i.e., 99%)
[26].

According to the � rst de� nition, Prakash and Liu [9]
have gained values of Lhy / (Dh ¢ Reh) = 0.054 for a cir-
cular duct. Using a linearized analysis, Hornbeck [27]
obtained Lhy / (Dh ¢ Reh) = 0.056. For the same con� g-
uration, the present computations attained Lhy / (Dh ¢
Reh ) = 0.0538 using the � rst de� nition and 0.0547
according to the second de� nition. To estimate the hy-
drodynamic entrance length of the annular-sector ducts,
the authors adopted the second de� nition. Numerical re-
sults of Lhy from the second de� nition are also presented
in Table 1.

Following features may be noted from this table.
(1) For the circular-sector duct, the apex angle has a
monotonic effect on the hydrodynamic entrance length,
i.e., Lhy increases with a decrease in a . (2) For the
annular-sector ducts, the effect of a on Lhy exhibits a
bit more complicated behavior. From 2 a = 18± to 24±,
Lhy increases slightly with increase in a , while further

increase in a leads to an appreciable decrease in Lhy.
(3) With an increase in Di / Do, Lhy decreases quite
signi� cantly. (4) For all the cases studied, the values
of Lhy / (Dh ¢ Reh) are higher than those of the circu-
lar tube. Probably, the irregularity in cross-section ge-
ometry retards the developing process of the velocity
� eld.

THERMAL RESULTS OF H1 BOUNDARY
CONDITION

For this type of thermal boundary condition, the bulk
temperature of the � uid at any axial location Tb(z) can
be obtained by a heat balance as

Tb(z) = Tin +
Q 0 z

ÇmC p
(10)

The local Nusselt number can be de� ned as

Nuh,H1(z) =
Q 0 / [a (Di + Do) + (Do ¡ Di )]

Tw (z) ¡ Tb(z)
¢

Dh

k f

(11)

Nusselt Number for Fully Developed Flow

The numerical results of NuH1 are presented in
Table 2.Theagreementbetween ournumerical and ana-
lytical results [8, 15] is quite satisfactory. For example,
for 2a = 20±, Di / Do = 0.25, the numerical value of
NuH1 equals 3.848, which differs with the solution of
[15] by 2.5%. The deviation of other cases is usually
smaller.

Local Nusselt Number in the Entrance Region

The variation of the local Nusselt number is dis-
played in Figure 4. As expected, the Nusselt number
is very large at the beginning of the entrance. It de-
creases with increasing axial distance, approaching the
fully developed value asymptotically.

Estimate of the Thermal Entrance Length

The thermal entrance length LH1 is usually de� ned
as the length required for the local Nusselt number to
equal 1.05 times its fully developed value [25]. Here,
the present authors adopt another de� nition. It is well
known that for the H1 boundary condition, both the
duct-wall temperature TW (z) and the bulk temperature
Tb(z) are functions of z. The difference between TW (z)
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Table 2 Thermal numerical results

Di / Do Results 18± 20± 24± 30± 40±

0.00 Nufd, T 2.029 2.117 2.304 2.383 2.622
LT / (Dh ¢ Reh ) 0.129 0.115 0.104 0.0877 0.0778

Nufd, H1 2.796 2.852 2.954 3.089 3.278
LH1 / (Dh ¢ Reh ) 0.0932 0.0845 0.0754 0.0609 0.0483

0.25 Nufd, T 2.897 2.868 3.091 3.162 3.185
LT / (Dh ¢ Reh ) 0.0937 0.0888 0.085 0.0758 0.0556

Nufd, H1 3.829 3.838 3.848 3.846 3.823
LH1 / (Dh ¢ Reh ) 0.0652 0.0600 0.0506 0.0464 0.0389

0.50 Nufd, T 3.572 3.558 3.327 3.246 3.232
LT / (Dh ¢ Reh ) 0.106 0.0919 0.0744 0.0629 0.0481

Nufd, H1 4.138 4.042 3.894 3.863 3.851
LH1 / (Dh ¢ Reh ) 0.0367 0.0360 0.0348 0.0344 0.0301

and Tb(z) decreases with the development of heat trans-
fer, ultimately taking a constant value characteristic of
fully developed heat transfer. Such a tendency is very
like that of K (z). Therefore, we can naturally de� ne
the thermal entrance length in terms of the distance re-
quired for TW (z) ¡ Tb(z) to approach its fully developed
value within a preassigned percentage (i.e., 95%). This
de� nition is consistent with the de� nition of hydrody-
namic entrance length discussed earlier. Table 2 lists the
estimated thermal entrance length for the H1 boundary
condition. The value of LH1 / (Dh ¢ Reh ) decreases with
increase in a and (or) Di / Do.

Figure 4 Axial distribution of NuH1.

THERMAL RESULTS OF THE T BOUNDARY
CONDITION

The bulk temperature Tb(z) at any axial location z is
given as

Tb(z) =
1

ÇmC p
*

A
C p q wT d A (12)

the total heat transfer rate Q(z) up to a distance z is
equal to

Q(z) = ÇmC p[Tb(z) ¡ Tin] (13)

De� ning the log-mean temperature difference D Tlm as

D Tlm(z) =
(Tw ¡ Tin) ¡ [Tw ¡ Tb(z)]

ln f (Tw ¡ Tin)/ [Tw ¡ Tb(z)]g
(14)

The average Nusselt number up to the axial location z
can be de� ned as

N̄uh,T(z)

=
Q(z)/ f [a (Di + Do) + (Do ¡ Di )]z g

D Tlm(z)
¢

Dh

k f
(15)

where the overbar represents average. The subs-
cript h designates that Dh is used as the characteristic
length and the subscript T identi� es the T boundary
condition.

Let d Q(z)/dz be the rate of increase of Q(z) with the
axial distance. De� ning the local log-mean temperature
difference:

D Tlm(k) =
[Tw ¡ Tb(k ¡ 1)] ¡ [Tw ¡ Tb(k)]

ln f [Tw ¡ Tb(k ¡ 1)]/ [Tw ¡ Tb(k)]g
(16)
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The local Nusselt number can be de� ned as

N̄uh ,T(k) =
[d Q(z)/dz]/ [a (Di + Do) + (Do ¡ Di )]

D Tlm(k)

¢
Dh

k f
(17)

Fully Developed Nusselt Number

The fully developed Nusselt numbers are presented
in Table 2. For Di / Do = 0.25, 0.50, the fully devel-
oped Nusselt numbersof the T boundarycondition were
solved by Ben-Ali et al. [8]. Our numerical results agree
with Ben-Ali et al.’s within 2%.

Variation of the Local Nusselt Number

Variation of the local average Nusselt number along
the axis is presented in Figure 5. As expected, the
Nusselt number is large near the inlet, and decreases
asymptotically to the fully developed value. With the
increases in apex angle, the difference in fully devel-
oped Nusselt number for different Di / Do decreases.

Figure 5 Axial distribution of NuT.

Estimation of the Thermal Entrance Length

Estimation of values of the thermal entrance length
LT, de� ned as the distance required for the local Nusselt
number to drop to 1.05 times fully developed value, are
presented in Table 2. It can be found that with increase
in apex angle, the thermal entrance length decreases.
While the table shows a mixed dependence of LT on
Di / Do, which may increase or decrease the strength of
the second � ow, and the distance required for this � ow
to decay.

By carefully inspecting Tables 1 and 2, we can � nd
that for all the cases studied, the three entrance lengths,
i.e., Lhy, LH1, LT, have the following common relation:
LH1 < LT < Lhy. This observation is quite consistent
with the well-known results obtained for a circular tube.
As claimed in many heat transfer textbooks, such as
[28], if Pr < 1 the thermal boundary layer in internal
� ow develops more rapidly than the hydrodynamic
boundary layer. Another important � nding is that except
for the case of Di / Do = 0.5 and H1 boundary condi-
tion, the thermal entrance length for the cases studied is
higher than that of a circular tube, for which the value
of L / (Dh ¢ Reh) for air is about 0.035 [28].

The largest value (0.129) occurs for the case of Di /
Do = 0.0 and with T boundary condition. This � nding
is of general importance for designing an experimental
apparatus to investigate laminar developing � ow in a
noncircular duct.

CONCLUSIONS

Both hydrodynamically and thermally developing
� ow and heat transfer of air in annular-sector ducts
with H1 and T boundary conditions are investigated
numerically by using a marching procedure. The axial
distributions of friction factor, local Nusselt number,
and the hydrodynamic and thermal entrance lengths are
presented. The computed Nusselt number and friction
factor agree well with the available solutions in the
literature. The major � ndings may be summarized as
follows:

1. Generally speaking, both the hydrodynamicentrance
length and the thermal entrance length decrease with
the increases in apexangle 2 a and the ratio of Di / Do.
Some exceptional cases may be found, but they do
not violate this general rule signi� cantly.

2. For the same geometric con� guration, the following
general relationship holds: LH1 < LT < Lhy, which
implies that for the cases studied, the thermal bound-
ary layer develops more rapidly than the hydrody-
namic boundary layer.
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3. For most of the cases studied, both the hydrodynamic
entrance length (Lhy) and the thermal entrance length
(LH1 and LT) are higher than that of their counter-
parts in a circular tube, exhibiting the retarding effect
of geometric irregularity on the developing process.

NOMENCLATURE

A cross-sectional area
C p speci� c heat of � uid
D diameter of annular duct
Dh equivalent hydrodynamic diameter
f friction factor
k marching step index
k f thermal conductivity of � uid
K incremental pressure drop
L entrance length (hydrodynamic or thermal)
Çm mass � ow rate through duct

Nu Nusselt number
p pressure
P dimensionless pressure
Pr Prandtl number
Q total heat transfer up to z
Q 0 heat input per unit axial length for the H1

boundary condition
r radial coordinate
R dimensionless radius
Re Reynolds number
T temperature
TW uniform duct and � n temperature for the

T boundary condition; local duct and � n
temperature at any cross section for the H1
boundary condition.

Tb mean or bulk temperature at any axial loca-
tion

u, v , w angular, radial, and axial velocity compo-
nents

U , V , W dimensionless angular, radial, and axial ve-
locity components

z axial distance; axial coordinate
Z dimensionless axial coordinate
a half of apex angle
D Tlm log-mean temperature difference
q angular coordinate
l coef� cient of viscosity of the � uid
m kinematic viscosity
q density of � uid
u dimensionless temperature

Superscripts

¯ average value
˜ driving pressure in the cross-stream � ow

Subscripts

fd fully developed condition
H1 H1 boundary condition
hy hydrodynamic results
h based on the equivalent hydraulic diameter

Dh

in values at the inlet locations
i inner
o outer
T T boundary condition
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