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Numerical Heat Transfer

Chapter 3 Numerical Methods for Solving Diffusion
Equation (2)

i
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l 3.4 TDMA & ADI Methods for Solving ABEQs l

3.4.1 TDMA algorithm (&%) for 1-D conduction problem

1.General form of algebraic equations of 1-D conduction problems

The ABE(s for
steady and unsteady
(f >0) problems take
the following form

a,l,=a.T.+a,T, +b
The matrix (%5 F%)

of the coefficients Is a tri-
diagonal (=% £4) one .

al, +aT,+..+al +..+a,,T,,=b (i=1M1)

Ounknowns

~
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2. Thomas algorithm (&%)

The numbering method of W-P-E is humanized ( A\ #:4k),
but 1t can not be accepted by a computer!

Rewrite above equation:
AT. =BT . +CT _,+D,1=12,....M1 (a)

i+l |
End conditions: 1=1, C;=C,=0; 1 =M1, B;=B,,;=0

(1) Elimination (J§7C) — Reducing the unknowns at each
line from 3 to 2

Assuming the eq. after : ~
elimination as m

T, =R T +Q. (b) \N
Coefficient has been treated to 1.‘ - >

5/48
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The purpose of the elimination procedure is to find the
relationships between P;, Q;with A,, B;, C;, D;.

Multiplying Eq.(b) by C;, and adding to Eq.(a):

HOFATFE B T A2
HEHELSTRT

Al =BT, +&T,.,+D, (a)
’ei,ﬁl — Ci Pi—lTi + CiQi_l (b)
AT -CP_ T =BT, +D +CQ.,
B. D. + C.0O.
Yielding T = s YT, +— ﬂ: C.g._l
Q-GRy  A-GR;

v
Comparing with T._, = P_T. + (bi_l

=
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p B. Q- D. +CiQi—1;
Ai _Ci Pi—l

A-CPR,

The above equations are recursive (6 JH#))—i.e.,
In order to get P;, Q;, P, and Q, must be known.
In order to get P,, Q,, use EQg.(a)

AT. =BT +CT ,+D,i=12,...M1 (a)

I i+l |

and the left end condition: 1=1, C;=0

Applying Eqg.(a) to i=1, and comparing it with Eq.(b)
T =Ry +Qy

the expressions of P,, Q, can be obtained:

T
{ \
{ \
\ )
\ J
~ > 3
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From i =1,C, =0, Eq.(a) becomes: AT, =BT, + D,

B D B D
T,=—1T,+—, == p=—L; Q=-—
A A A A

(2) Back substitution([Elft) - Starting from M1 via
Eq.(b) to get T; sequentially (JIii/FHk)

Bi .
T =PuiTwin ¥ Quiy R = A_CP,
End condition: T =
=M1B,=0 > Pur=0 "> Tw=Cum
—

T|\/|1 — QI\/Il‘Ti—l — Pi_lTi +Qi—1‘ to get:TM 119" T2 ’Tl'

o) FEE DA MORAF B TAE ()
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3. Implementation of Thomas algorithm for 15t kind B.C.

For 15t kind B.C., the solution region is from i=2...to M, ;=M,,

because T, and T,,, are known

Applying Eqg.(b) to 1 =1 with given T

1,given :

Tl — Pl--z +Q1 m—> P1 =0 : Q1 :Tl,given
Because T,,, Isknown, back substitution should be started from

T|v|2 — PMZTM1+Q2

M,:

When the ASTM is adoptec
kind, the numerical B.C. for al
above treatment should be ado

to deal with B.C. of the 2" and 3
cases Is regarded as 15t kind, and the

nted.

T
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3.4.2 ADI method for solving multi-dimensional problem

1. Introduction to the matrix of 2-D problem

~~~
‘.

-l
—
~~.

-
—
~~.

1-D storage (—4i{#4i%) of variables and its relation to matrix

coefficients
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Numerical methods for solving ABEgs. of 2-D problems.
(1) Penta-diagonal algorithm(PDMA, T %} £ FE2.3%)
(2) Alternative (&2 #)-direction implicit (ADI, 22375 ] Ba 35 1)

Iteration process Is very similar to solving an unsteady problem:
finishing one Iiteration Is corresponding to go one time step forward!

2. 2-D Peaceman-Rachford ADI method

e Dividing At into two uniform parts;
) :\@Q}"/& a2 Inthe 1st At/ 2 implicit in x direction,
| and explicit in y direction;
Als ’ J’Mz In the 2nd At / 2 implicit in y direction,
&l ——mPIICand explicit in x direction.

B 11/48
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Set u; ; the temporary(Ifii i ) solutions at the first

sub-time levels

52T ”J ---CD scheme for 2" derivative at n time level in X

direction 5x2T.n, TN -2T" +T"
sz
_T"
2-D ADI Lsub- T Tk gy, 4 67T
,q time level: At/ 2

The solution of u;; can be obtained by TDMA

: AY2 by taking 5, T." as b- term with known values at n
time level
/
e 2ndsub- TN —uf , N
1 7 implicit time level: At/2 =a(o,U;; +o,T ;)

——x

T, is solved by TDMA and is the solution
at tlme level of (n+1). 12/48
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3. 3-D Peaceman-Rachford ADI method
Dividing At into three uniform parts; In the 1st At / 3 implicitinx,
and explicit in y, z directions; In the 2 and 3@ At/3 implicit in
y ,z direction, and explicit in X, z directions and X,y , respectively;
Set U, Vi, the temporary(lfii I} 1) solutions at two sub-time levels

Ltsub- Ui~ Tije oo 2 2
time level:  At/3 = a0,y jy + 0, Tijjuc + 63 Ti )

ond gyb-  Viik ~Yijk _ o
time level: At/3
31 sub- Ti,nji _Virjj,k
time level: At/ 3
The algebraic equations of 3D transient HC problem

2 2 2
5xui,jk+5y Ijk+5 Ijk)

:a(éfvi,jk + 62V 52T”+i)

y IJk
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IS updated for one time step by such ADI method:
adopting TDMA three times In X,y,z direction respectively.

It’s obvious that this solution procedure 1s not fully
Implicit, and for 3D case the time step Is limited by
following stability condition:

1 1 1
AAt(— +——+—) <1.5
AX®  Ay® Az
If the time step Is larger than the value specified by the
above eq., the resulted numerical solutions will be oscillating

($k7%) . We call that the solution procedure is not stable .

More discussion on the numerical stability will be
presented in Chapters 4 and 7.
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Major numerical methods (concepts) introduced in this chapter
1. Fully implicit scheme (4 Fa#% =) of transient problem, which can
guarantee (ffuk) stable and physically meaningful numerical solution;
2.Harmonic mean (Jf#1°FJ) for determination of interface conductivity;

3.Unified coefficient expression by introducing a scaling factor (9x), _ (¢%),.  (0x),
and a nominal radius; e e Ao
4.Linearlization of source term (JEIiZEE4k) by S=S. +S.d,, S, <0;

5.Additional source term method (ASTM, [finyE 3 y2) for treating 2" and
3" kinds of boundary conditions;

6. TDMA (=XJfA4f4Ey) for solving algebraic equation;
7.General expression of discretized heat conduction eq.

a,l, =a.T.+a,l, +b= Zaannb +b  Physical meanings of ag,ay,:

Reciprocal of thermal resistance between two points, thermal conductance.
15/48
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3.5 Fully Developed Heat Transfer(FDHT) in Circular Tubes
3.5.1 Introduction to FDHT in tubes and ducts

3.5.2 Physical and mathematical models
3.5.3 Governing equations and their non dimensional forms
3.5.4 Conditions for unique solution

3.5.5 Numerical solution method
3.5.6 Treatment of numerical results

3.5.7 Discussion on numerical results
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3.5 Fully Developed HT in Circular Tubes ]

3.

1

5.1 Introduction to FDHT in tubes and ducts

. Simple fully developed heat transfer

Physically: Velocity components normal to flow

C
C

Irection equal zero; Fluid dimensionless temperature
istribution is independent on (J; %) the position in

the flow direction

Mathematically: Both dimensionless momentum and
energy equations are of diffusion type.

Present chapter is limited to the simple cases.

17/48
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where T, is the circumferential ([ % (1)) average wall temperature,
and T, is the fluid cross-sectional (& 1) average temperature.

2. Complicated FDHT

In the cross section normal to flow direction there exist velocity
components , and the dimensionless temperature depends on the axial

position, often exhibits (£31) periodic (f& i) character. The
full Navier-Stokes equations must be solved .

This subject is discussed in Chapter 11 of the textbook.

pin
I
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Examples of complicated FDHT

Fin-and-tube

heat exchanger Louver fin (B M- &3 )
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3.5.2 Physical and mathematical models of FDHT
In circular tube

A laminar flow in a long tube is cooled (heated) by
an external fluid with temperature T_and heat transfer
coefficient h, . Determine the in-tube heat transfer
coefficient and Nusselt number in the FDHT region.

e —
hes Too
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1. Simplification ({%4t) assumptions

(1) Thermo-physical properties (F:) are constant ;
(2) Axial (#h1a] %) heat conduction in the fluid is neglected;

(3) Viscous dissipation (F£1%)is neglected;
(4) Natural convection (HARXI i) is neglected:;

(5) Tube wall thermal resistance is neglected;

(6) The flow In tube Is steady , laminar and fully developed:

U I
— =21- (E)Z], v =0, U_ —Mean velocity

m
21/48
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2. Mathematical formulation (##4)

(1) Energy equation

Cylindrical coordinate, symmetric temperature distribution,
no natural convection (A4) and steady (A6):

ol olr. 10 ol o ,,0
C(U—+yY ) ==L (Ar =) +— ZTZ +
pC, OX /5r) rar( ar) ax( 8x_)/,T

FD flow No axial No dissipation
(AB) cond. (A2)|| (A3)
ol 10 Ol , Mathematically, what
pcpu—:——(/Ir—) ¢ < thi ?
ax r ar ar ype IS IS €(Q.:

2-D parabolic eq.!
22/48
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(2) Boundary condition

r =0, Z—T =0 (Symmetric condition) ;
r

r=R, -1 8_T =h.(T-T.) (External convective

I A 0r condition!)

Internal fluid thermal [| External (#}#) convective
conductivity heat transfer coefficient
(given)
No wall thermal resistance proB
(A5), equivalent to wall o -
thickness equals zero, tube outer | ~A = 20
radius =tube inner radius=R

23/48
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3.5.3 Governing egs. and dimensionless forms
From fully developed condition a dimensionless
temperature can be introduced, transforming the PDE
to ordinarglvlfferentlal eg..Cross section

en temp ‘a erage temp
\ﬂ_ T_T
Defining (® = - —
T,-T,  W,-T T -
Then: T=0O(T,-T, )+T_; o _ @5i = @ﬂ

OX OX dx
Defining two dimensionless spatial coordinates:

X 2R C,
R Re Pe— \_&_

: Thermal diffusivity
‘Constant properties (A1) ‘ PP B 24/48
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Energy eq. can be rewritten as:

dT,/dX 1d
L8 2989 ®—)——A A>0
T,-T. mndp dp 2 u,
\ | / | /
‘ Dependent on X only ‘ ‘De'pendent on 7] only ‘
7] 2 T}
ar, 4T, /dX o 7, CZ 0 dT, /dX _ o
Ty ax T,—T, T, -T,
T,
= i

A is called eigenvalue (4#4F{8)
25/48
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Following ordinary differential equation for the dimensionless
temperature can be obtained

1d, dO,,1 U -
————=)(0—=)=-A (@)
ndnp dn” 2 u, 16
The inner B.C is transformed (&3t 5%) into; 77 =0, o 0 (®)
J -
The outer B.C r =R, _,15_-'_ —h, (T —T_) Istransformed Into:
d(T —Too) or
n=1— T, -T hR, T-T,

d@ .
s = (= —) _ =-Bie, (€)-
d(—r) (_’1 )Tb_Too _>0|77)":1 S
R

Question: whether from Egs. (a)-(c) a unique (FE—F) solution
can be obtained?

26/48
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3.5.4 Analysis of condition for unique solution
Because of the homogeneous (G5 %) character :

Every term in the differential equation contains a linear
part of dependent variable or its 15t/2" derivative.

1d dO., 1 u 1 d de 1 u
- [(=O—)=-A=—> ——(nN—)=—"A(=0—
77d77(77d77)( um) 77d77(77d77) (2 Um)
In addition, the given B.Cs. are also homogeneous:
de .
77:0, d—®:O’ —)77:1 :_BI®W
drg dn

For the above mathematical formulation there exists an
uncertainty (AH§E ) of being able to be multiplied
by a constant for its solution.

P
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While in order to solve the problem, the value of A in
the formulation has to be determined.

In order to get a unique solution and to specify the
eigenvalue, we need to supply one more condition!

We examine the definition of dimenionless temperature:

T
( “’) — 1.
0,= T T = 1.0
Physically, the averaged temperature Is defined by
R
J 27Z'rU®dr 1r u r
O, == =2 Od(—
" 7R%, I R u, ®

T
f \
( \
\ 74

N
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Thus the complete formulation is:

~ %;—n(nz—(j)ﬂx(%@ui):o (a)
n=0,99 _o; (b)
<
d_®)77:1 = _Bi®w ©)
dn
1 U
_ jonu—@dnzl/z (d)

w7

| Non-homogeneous term! |

29/48
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3.5.5 Numerical solution method

"1, ol 190 oT
Ty ————- - I ——(Ar—)
d (L | 7P ex ror or

<
kS,
O
c
|l

Defining@ = 4 1=, dT,/dX 1 d (77d—®)/(£®i): A
Tb _Too Tb _Too 77d77 d77 2 um

1d,6 do 1 _u d®@ . do .
——(Mn——)=-A(;06—) n=0,—=0 —) ,=-BIO,
ndn " dn 2 u, dn d7

T -T | —— 1 U
O, =(2—=) — ) | 7—Ody=1/2
b (Tb_TOO)_llo jonum 77

-~ =\
{ @ \
[ \
\ /
\\ J

—
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1d, dO 1 U

= —(n——)+AEO—)=0

ndn " dn 2 U

This 1s a 1-D conduction equation with a source term!
A oY ,\whose value should be determined during the

2 u_ solution process iteratively (i%&f%Hh).

m

Patankar — Sparrow proposed following numerical solution
method:

m

1) Variable transformation (2% 54544 )
Let @ =Ag
Because of the homogeneous character, the form of
the equation is not changed only replacing ® by ¢ .

P
/,@ )
{EY)
) &
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_ 1 d( d¢)+A( ¢—) 0 (a)
ndn dy
d
n =0, d¢ =0; (b)
d7
Complete dg, . (c)
mathematical o)1 ="BIg,
formulation of 1 U
the problem IOUU—A¢dU=1/2 (d) —
‘ Non-homogeneous equ. ‘
. A=1/(2 j 77—¢d77) It can be used to iteratively

determine the EIgenvalue
32/48
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2) Solution procedure
(1) Assuming an initial field ¢* toget A"
(2) Solving the algebraic equations of an ordinary differential
eg. with a source term to get an improved ¢

(3) Repeating the above procedure until ‘(¢* — @)/ ¢‘ <ég,

£=10"~10"°
This iterative procedure is easy to approach(;5%l) convergence:
1 u ulug  _ d=n)g

S=A—— — T 1 — T
2Um¢ 4| n(ulu,)gdn 4| n-n*)gdn

¢ exists in both numerator (43 ) and denominator (43
J:) , thus only the distribution, rather than absolute value will
affect the source term.

33/48
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From converged ¢ A :1/(2I0177u1¢d77)
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3.5.6 Treatment of numerical results

Two ways for obtaining heat transfer coefficient:

1. From solved temp. distribution using Fourier’s law of

heat conduction and

oT

oT 1
r=R,—A—=h(T, ~T )—plh=-1")
or b)_" ar )" T, T,

For inner f

Newton’s law of cooling:

uid

Note: different from
boundary condition

r=R, —/Ia—T: h(T-T))
or

34/48
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=R, = A= =h(T, ~T,) (FFR A AT )

h,, T« External convection

In-tube fluid exchanges heat with tube wall(%& N it A 5

Eli B@J\\\

o'

&
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2. From the eigenvalue (4%$fiE{H) -
From heat balance between inner and external heat

transfer
h(T,-T,)=h,(T,-T.)
‘ Inner \ ‘ Outer ‘
Get . )
h=h, .Trw_l‘” ~n=n, T -T, ~T,-T,+T,-T,
> T -T. T -T
N n, oo h o
T, —-T, q R
T,—T, T, =T, O,

T, -T 36/48
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h = he — he®W _ heA¢w
i_l 1_®W 1—A¢

W

2Rh 2R hAg, _ 2BIAg,

NU = —
ﬂ« A 1—A¢W 1_A¢W

From the specified values Bl , the corresponding

eigenvalues, A , can be obtained. Thus it is not

necessary to find the 1t-order derivative at the wall
of function ¢ for determining Nusselt number.

3.5.7 Discussion on nhumerical results
37/48
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Table :Numerical results of FDHT in tubes

HOFATFE B T A2
. HEHELSTRT

Bi A Nu
0 0 4.364 (Nu
0.1 0.381 8 4.330
1 0.25 0.894 3 4.284
0.5 1.615 4.221
1 2.690 4.122
2 3.995 3.997
5 5.547 3.840
10 6.326 3.758
100 7.195 3.663
- 7.314 3.657 (N

)1

38/48
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1. Bl effect:
“ve . Rh,
From definition Bl =
. A .
Bi >, h, —>oo External heat transfer is very

strong, the wall temp. approaches fluid temp. This is
corresponding to constant wall temp condition, thus

Nu=3.66
Bi >0, h, > 0 Is this adiabatic? No!
T Product of very small
Yy 7 |HT coefficient and very
large temp. difference
' AT Very large makes heat flux almost
A, Very small constant.

— g =hAT =const

39/48
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2. Computer implementation of Bl — o and Bi =0
Bi —> oOby progressively (Z#i#) increasing Bi :
Bi= 10°, 10°,10".....
Bi=0 by progressively decreasing Bi :

Bi= 0.1, 0.01, 0.001, 0.0001, 0.00001,.

Double decision (UfE ) data must be used for the computation,

because when Bi approaches zero ,both numerator and denominator
approach zero:

2BiA¢ O Aninfinitive!
Nu = =, Bi—>0, A—>0, Ajg, —>1 =—p —
1-Ag, P O HEHR!

40/48
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3. Collection of partial examples

Numerical examples of simple FDHT

No Cross section B. Condition Refs.
Uniform wall temp.,
, Uniform periphery [23,24,

wall heat flux;
External convec’tive 25 ’26’27]
heat transfer, etc. |

Uniform wall temp.,

2 Uniform wall heat [23]
flux

Uniform wall temp.,

Unﬁforl}‘l] axial wall

| eat flux

3 Two opposite walls [28,29,30]
adiabatic and the
other two opposite
wall uniform temp.

See QR code of this chapter
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AARYFTERNAS RN 5 RBILE

(1963)

BISIBER: ZaE A 1A
IR A ) AR
EFREA; SN
Tk S

[1-4]

ATALLY

2 ST B . il

2
(1978)

EI2)EEIR; SIRR
KA .

[1]

(1953)

PSR FRERE
ARG R 35
Rl 4]
BRI, A —RAH

[5,6,7]

(1995)

SRR R A

[8]

S sk L | 7.10]
(1964) A3 0T AR W 2
“Ha .
é Y51 B . —
6 , o [11]
(1972)
7 éij}k B R G R S [11]
(1972) )
( 19869) E FE. fhrEess | [12,13]
i ‘
9 A% 28 . —li‘J/"J“l?fIIII'l: J-'i‘] |'!'JI£J{3J [14]
(1970) B il 2 5T HAGRE '
R -
: ) RERL: il 35 [15]
(2000) R PG, 1 ¥ ST B
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11
(1998)

\
3,

m

9%

i

[16]

- 12
(1973)

E)o1EER; A3
BER A3 ) A

14
(1966)

Pz kit A XA
HAMFE 228
Ui, AFRIHZ A HAA
A PIs)EER: JE
] £ ) BE i, Al ) 1)
DI -

13
(1995)

HMHRTR AR A

15
(1968)

/EILEY

JE ) 253 ) BE i« el 1)
Pyo)dits Hhie .
[i4) #4152 451 ST BT

[19-23]

16

(1963)

X

&1y

SRR

518 -
(Wit 3 S B 7393 Br)

[1,24.25]
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(1963) Vv GRARBANT) - | 136 || (1984 AR =
| 22 A REE [32]
i Z | fysme 7] || @o02) S
| o e | T R
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