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Numerical Heat Transfer

(BEZ#AZF)
Chapter 2 Discretization of Simple Domain and

Two Ways for Establishing Discretized Equation

i

Instructor Tao, Wen-Quan

Key Laboratory of Thermo-Fluid Science & Engineering
China-Kyrgyzstan Joint Laboratory of Clean Energy and Energy
Storage under the Belt and Road Initiative
Innovative Harbor of West China, Xian
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Domain

2.2 Finite Difference Method(FDM) for
Constructing Discretized Equation

2.3 Finite Volume Method (FVM) for
Constructing Discretized Equation
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2.1 Grid Generation (Domain Discretization)

2.1.1 Task, method and classification of domain
discretization

2.1.2 Expression of grid layout (7fi E.)

2.1.3 Introduction to different methods of grid
generation

2.1.4 Comparison between Practices A and B

2.1.5 Grid-independent (Mt SEfE) solution
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[ 2.1 Grid Generation ]

2.1.1 Task, method and classification

1. Task (f£4%) of domain discretization
Discretizing the computational domain into a
number of sub-domains which are not overlapped(E )
and can completely cover the entire computational domain.
Four kinds of information can be obtained:

(1) Node (F5#) :the position at which the values of
dependent variables are solved;

(2) Control volume (CV, #§14#) : the minimum
volume to which the conservation law is applied,;
(3) Interface (J&m) :boundary of two neighboring

(FI4REy) CVs.
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(4) Grid lines (M#£k) : Curves formed by connecting
two neighboring nodes.
The spatial (22 |8]#) relationship between two neighboring
nodes, the influencing coefficients (&M %%%), will be decided in
the procedure of the equation discretization.

2. Classification of domain discretization method

(1) According to node relationship: structured (4544t )
vs. unstructured (JE45#4k)
(2) According to node position: Inner node vs. outer
node
2.1.2 Expression of grid system (& 24t Fx)
Grid line—solid line; Interface-dashed line (%) ;

Distance between two nodes— O'X
Distance between two interfaces— AX

SEoT-EnT 5/53
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Interfaces by lower cases(/hN& 5 +Ef) wand e .

(8x)s (&x),/ Distance between nodes

1

(i=5)G+5)

Gridline

Ax . .
‘ Interface w e | Distance between interfaces

2.1.3 Introduction to different types of grid
system and generation method

(1) Structured grid (Z#4LM#): Node position
layout (##&) isinorder (7)) , and fixed for the
entire domain.
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(2) Unstructured grid (FEZE#4LM#E): Node position

layout(7i &) Is In disorder, and may change from node to

node. The generation and storage (;

#4#) of the relationship of

neighboring nodes are the major work of grid generation.
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Both structured and unstructured grid layout (35 57 &)

have two practices (5Zjii) : outer node and inner node.
(3) Outer node and inner node for structured grid

(a) Outer node method: Node Is positioned at the
vertex of a sub-domain(—+f X i /1) ; The interface Is
between two nodes; Generating procedure: Node first
and interface second---called Practice A (by Patankar) ,
or cell-vertex method (B0 TH x5 72:).

‘Sub—D‘

T kR an) AL ER

e

Carf@sian(z D)

—+m (radi
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(b) Inner node method: Node Is positioned at the
center of sub-domain; Sub-domain is identical to control
volume; Generating procedure: Interface first and node
second, called Practice B (by Patankar) , or cell-
centered method (ECH .0 E) .

1 radia

(150 %)

Sub-domain is the control volume

SEoT-EnT 9/53
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Generating procedure of Practice B
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2.1.4 Comparison between Practices A and B

(a) Boundary nodes have different CV.

1%
Practice B

Practice A w

Boundary point has half CV. Boundary point hag ze;o CV.

(b) Practice B is more feasible (G&F) for non-uniform
grid layout.

1
| e

Ik

Practice B |,
ractice d}_%

| | 11/53

Practice A |
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(c) For non-uniform grid layout, Practice A can guarantee
(£f4F) the discretization accuracy of interface derivatives

(R %%ft)
—] (be). l—
7

-
Wi, P E
E
4\ | |// f\
) € w €

| Interface in middle | | Interface is biased (&) |
(¢)~¢E ¢P (¢)~¢E ¢P
(6), (I
‘ 2nd-order accuracy ‘ ‘ Lower than 2" order accuracy ‘

Practice A Practice B
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Example 2-1 Discretization of 1-D domain by inner point method
~or a 1-D domain,

1) descretizing it by adopting the inner node method , and determining:
(1) the node coordinates,

(2) the position of the CV Interfaces;

(3) the width of the CV .

2) developing the code for implementing this discretization.

Analysis:
For the inner node method, N uniform divisions will have (N + 2)
node (including the boundary nodes).

Solution:

SEoT-EnT 13/53
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Adopting five uniform divisions, obtaining L1=7 nodes. The grid
system of the inner node is as follows.

XDIF(2) XDIF(3) XCV(
XU(2) XU(L1)
3 o — o ¢ — o f\
| | L1
X(1) X2) X3 L3 1.2
| }_ X
|

Following geometric data are obtained:
(1) X(i): coordinate of the node(grid); From1to L1

(2) XCV/(i): width of the control volume; From2to L2 (= L1 - 1)
(3) XDIF(1): difference between two naighboring nodes; From 2 to L1

defined by : XDIF(@i) = X(I) - X(I - 1)

_(4) XU(i): position of u - velocity for flow simulation; From 2 to L1.
5, Sthrer = 14/53
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Detailed discussion of the C++ code will be conducted in the after-
class tutoring given by Prof. Fang thrpugh Vedio. Teaching
assistant will announce the exact date and time.
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2.2 Taylor Expansion Method for Equation
Discretization in FD

2.2.1 1-D model equation

2.2.2 Taylor expansion method

2.2.3 FD form of discretized 1-D model equation
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[2.2 Taylor Expansion Method for Equation discretization ]

2.2.1 1-D model equation (—#:EiFi 5 72)

1-D model equation has four typical terms
convection term, diffusion term and source term. It is specially

designed for the study of discretization methods.

Non-conservative. a(§¢)

0p 0

p&x

| Conservative | 9(p¢)  9(pud) _ 5 (22 4,

ot
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: transient term,

For FDM

For FVM

Diffus.

Source
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2.2.2 Taylor expansion for FD form of derivatives

1. FD form of 1st order derivative

Expanding @(X,t) at (i+1,n) 1!
with respect to (%fF) point , oo
(1,n): ; _
. -
. O 52¢ AX?
$(i +1,n) = (i, n) + ),nAx+8 2).n7+ .....
8¢) ~ P(i+1,n)—g(i,n) Ax(82¢ .
AX 2 ox2Tt

CFD-NHT-EHT
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%)i n: A(1+1,n)—¢(1,n) +O(AX)
OX AX
O(AX) is called truncation error (TE, #¥iin%) :

o(1+1,n)—a(1,n)
AX
will lead to anerror < KAX where K is independent
of AX. ----Mathematical meaning of O(AX)
The exponent (35%%) of AX is called order of TE(#;%

HIRT L) - _ |
Replacing analytical solution @(1,n) by approximate

With AX — 0 replacing 2_¢)in by
i

value @', vyields:

n

O i+1 in O n
Forward difference: —¢) ~ha =9 = ¢)i’O(AX)
OX O X

T AX

CFD-NHT-EHT ( l.m ,E %6})
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Backward difference: 5¢) A 0(AX)
(ﬁ)‘%ﬁ') OX S AX

Central difference: % a4l 2
(*‘ﬂ‘%ﬁ) aX)i,n — 2 AX 1O(AX )

2. Different FD forms of 15t ad 29 order derivatives
Stencil (# X B %) of FD expression

?511 ) t+1
i+1 e ®

Ar
O  For the node where FD form i1s constructed

=

@ For node which is used in the construction of FD form

@ Forthe node for which FD form iIs constructed and which
cronwrenr 1S @ISO USEd IN the construction.

CENTER
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Table 2-1 In the textbook

HEHELEELE

P
( \
\ 74

N

L3 ENRTRR A S iz
n t+1 n—= ]
'*&x # O I o(ax)|) 1 The stencil structure
. R : | is biased. (i &)
Az .\‘y -
- RN AAYEL 1 The stencil structure
i+l i—1 -8 -— I . .
20z - I is symmetric, CD
~ 367 +adE, — #4; (g )it 2 !
9_4‘;) 28z _ i [
wlonl  3r-a g L @ | (Mzb The stencil
20z 7N Yem=V | structure
447, +687 — 1287 + 247 oo v ) — V| e hi
e e N :’}<><Ax3>: s biased (I E)
_ i i+2
—2¢,+2+12¢,+1_6¢?_4¢?—1 i1 @ 2 —: - T I ' -
12A N |
Y . 4 i=2 i-1 it1it2 1 The stencil structure
~2 871 887, — s z (az4)l - i
12Ax IS symmetric, CD

LT 2
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1_1_‘ n X n T . i+.llqz'+2 ‘ -
# 2*‘&;12* #e2 @ -~ o = : O(Ax): The stencil structure
gr-281  + 41, DTN Moot 18 Piased ()
Ax? \_/ * :g-l.rl.rl!
no N 4 ¢n i—1 ' +1 |
iaﬂ) ¢;+1 2¢:+¢1-1 5 t I
3.1.'2 i n A.Z‘z It — ‘ -
T ol NG+l 112 The stencil structure
(- $7_5+1687_; — 307 " Yis symmetric, CD
+ 1647, — $742) /1282 I
--(

Rule of thumb (348N ) for judging (3)¥r) correction
of a FD form

(1) Dimension (&%4) should be consistent(—%{);

(2) For a uniform field any order of derivatives should be zero .

CFD-NHT-EHT
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2.2.3 Discretized form of 1-D model equation by FD
For an unsteady problem, it is to be determined at which time level to
calculate the spatial (%3 [a] ) derivatives .
1. Three time level at which spatial derivatives are discretized

:\Ie\e,\é\f ?Ombee Taylor expansion with respect to this time instant

deterw‘

t + At

Starting
time level x

BX X C-N#g =

explicit implicit Crank-Nicolson
CFD-NHT-EHT O (At) O (At) O (At 2 ) -
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2 -I-n+1_-|-n 2
a—T: 8_T G—T —:; Three choices of time level for G_T
ot  ox® ot At OX”
B explicit fel implicit C-N#% =R

+1, 2-|-( +1) n+l,\

ﬂNTi’ ZT'/-I- \{ TI‘E;, ZT‘ B T‘nﬂ, 1
ox* AX? AX? 5 211

CEnTER \ AX? P4/53



/
/

Cl 2 G AtFE 4 ;

NS

2. Explicit scheme of 1-D model equation

(I,n+1) —¢(i,n) o(1+1,n)—p(1—1,n)
Analytical 'O¢ At ¢ + pu 2 AX -

form : 94 (i =
r¢(| +1,n) 2¢A(|,2n) +¢(1-1,n) +5(i.n)+ HOT
X
HOT---Sum of higher order terms. @(, ) represents analytical solution.

Finite difference form | Explicit in space derivatives

¢n+1 _ ¢n ¢n1 o ¢—1 ¢n1 o 2¢ + ¢r11 n 2
—— + pu = =T 4 57, O(At, AX
p At p 2 AX AX? Ol )
Forward in  Central in Central in TE. Of FD
time, (At)  space, (Ax®)  space, (Ax?) equation

2
Forward time & central space--FTCS O(At, AX')

et 25/53
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2.3 Control Volume and Heat Balance Methods for
Equation Discretization

2.3.1 Procedures for implementing (3£47) CV method

2.3.2 Two conventional profiles(&/4;)
2.3.3 Discretization of 1-D model eq. by CV method

2.3.4 Discussion on profile assumptions in FVM

2.3.5 Discretization equation by balance( )
method

2.3.6 Comparisons between two methods
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2.3 Control Volume and Heat Balance Methods for
Equation Discretization

2.3.1 Procedures for implementing CV method

1. Integrating (§#243) the conservative PDE over a CV

2. Selecting (3%4%) profiles for dependent variable (PR2% &
and its 15t —order derivative (— [ 5%0)

Profile is a local variation pattern of dependent variables
with space coordinate, or with time.

3. Completing integral and rearranging algebraic equations

2.3.2 Two conventional (FIl) profiles (shape function)

Originally (#3k) shape function (I2{%X) s to be
solved; here it Is to be assumed!----Approximation made

SEoT-EnT 27/53
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INn the numerical simulation!

Variation with spatial coordinate

| Profile(GEE %) #| Profile
b " i,
#p - _.1_1_ '
Pw mia dam
! | 1
W P E Z W P E x
piece-wise linear step-wise approximation
o B Mg
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Variation with time

‘“ é
g Implicit

g+

¢ \Ei:)

C— N ¥ & -
: Explicit
R 1 ——
t t+Ar ¢ t t+ At ‘

piece-wise linear step-wise approximation

g Bt M B a8
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2.3.3 Discretization of 1-D model eqg. by CV method
Integrating conservative GE over a CV within [£, ¢ +At],

o(09) +5(,0U¢) _ 0 (F%)JFS
ot OX ¢

yields: A

o | PIO =90 p [ L), - (uh),Jot =

t

(i=2)G+5)
i-1 b i | t+At t+At e

g rj[( 7). —( ¢) ]dt+”5dxdt D

- el e —

To complete the integration we need the profiles of the
dependent variable and its 15t derivative.

et 30/53
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1. Transient term
Assuming the step-wise approximation for ¢ with space:

pl(@ " —g)dx=p(A ™ -g)Ax (2

2. Convective term
Assuming the explicit step-wise approximation for ¢ with time:
t+At

p | [(ug), - (ug),Jdt = p[(ug); — (ug), At

In the FVM simulation all information (u,v,p,t, properties ) is
stored at grids. The interface value (FH{E) should
interpolated (f#{E) by node values.

SEo T 31/53
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Further, assuming linear-wise variation of ¢ with space

plUp— (), 1at= puat(Prfe Bty punfehu

, <1-7>Z—>' . [Uniform grid | Superscript “t” is temporary (% it )
% 5/192 P neglected!
3. Diffusion term o4
Taking explicit step-wise variation of &With time,

yields:

t+At

rj[< 8= ()1t =TIED), - (D),

Further, assuming linear-wise variation of ¢ with space

SEoT-EnT 32/53
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Uniform Su per-script “t”
i — At Pe =20 + Py s temporary

grid
% AX neglected!

4. Source term
Temporary (%Zji) assuming explicit step-wise with

time and step-wise variation with space:
t+At e

j deth = (AX), At (5); S ---averaged one over space.

t w

Substituting Egs.(2),(3), (4) and (5) into Eq. (1), and
dividing both sides by AtAX for uniform grids, yielding:

SEoT-EnT 33/53
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t+At _ t
¢P U¢E ﬁN _r¢ 2¢P+ﬂN +S O(At AX )
At 2 AX AX?

Jo,

For the uniform grid system, the results are the same as that from
Taylor expansion, which reads:

¢n+l_¢ ¢ 1 ¢r11 ¢'n1_2¢'n+¢'r11 n 2
k: — I £t L 7id 4 SM O(At, AX
P At TPl 2 AX AX? Ol )

FDM and FVM are a kind of brothers: with FDM being
mathematically more rigorous (%) and FVM being physically
more meaningful (FFHE X)) ; They usually have the same TE and can
help each other!
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2.3.4 Discussion on profile assumptions in FVM

1. In FVM the only purpose ( H i) of profile is to
derive the discretization equations; Once they have been
established, the function of profile is fulfilled (52 5%) .

2. The selection criterion (#£M]) of profile is easy to
be iImplemented and good numerical characteristics;

Consistency (F/p1/§) among different terms is not
required.

3. In FVM profile is indeed the scheme (Z/;0#%30) .

CFD-NHT-EHT
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2.3.5 Discretization equation by balance method

1. Major concept: Applying the conservative law directly
to a CV, viewing the node as its representative (ft3%)

2. 1-D diffusion-convection problem with source term
Writing down balance equation for AX and At
+ (az)w e
pe, (8™ =g )Ax = pe [(ug),, — (ug).Jat "7 1%,

‘Tran5|ent ‘ TConvection ‘ (i-2)a+3)

¢ ¢ i—1 f/ +1
+I[(=2), — (== )]At+S AXAt w ;54 E

flefusuﬁ |Source | S el

CFD-NHT-EHT
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By selecting the profile of dependent variable ¢ with space,
the discretization equation can be obtained.

If the same profiles of the variable ¢ of FVM are assumed,
the final results are the same:

n+1 n n n n n n
T — L — () — 20 + @
¢| L pu ¢|+1 ¢|—l T ¢|+1 ¢|2 ¢|—1 n Sin | O(At, AXZ)
At 2AX AX
The heat balance method is actually adopting the conservation

law directly to a CV, and is very useful.

yo,

SEoT-EnT 37/53
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2.3.6 Comparisons of two ways

Content ' FDM FVM
| |
1. Error analysis | Easy Not easy; via FDM
' |
2. Physical concept : Not clear | Very clear
3. Variable length |
Not eas
step(& ) | Y Easy
4. Conservation !

May be guaranteed

Not |
0
feature of algebraic ! :

Egs. | guaranteed
FVVM has been the 15t choice of most commercial
software.

et 38/53
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2-3-7 Boundary condition treatment and grid-independent
solutions

1. Numerical treatment of boundary Condition: A complete
discretization of a conduction problem includes the numerical

treatment of its boundary condition.

First kind boundary condition can be directly adopted in the
solution of the algebraic egs.

For the second and third kinds of boundary condition, the
boundary temperatures are unknown , hence the algebraic eqgs of the
inner nodes are not complete. Numerical treatments of the 2" and
third kind boundary conditions will be presented in Chapter 3.

39/53
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2. Grid-independent solution

Grid generation is an iterative procedure (GEARIEFE) ; Debugging
(#A12,) and comparison are often needed. For a complicated geometry
grid generation may take a major part of total computational time.

The appropriate grid fineness (4%Z5F2 %) is determined in the
solution process. It should be such that the numerical solutions are
nearly independent on the grid numbers. Such numerical solutions are

called grid-independent solutions (4% it v/ ##). They are required for
publication of a paper.

As the represent of numerical solution, it can be dependent variable
or some other interested parameter determined from numerical solution:
Nusselt number, friction factor, etc.
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Int. Journal Heat
& Fluid Flow, 1993,
14(3):246-253

Int. Journal
Numerical Methods in
Fluids, 1998, 28:
1371-1387
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Heat Mass Transfer,
2007, 50:1163-1175
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Example 2-2 Discretization and numerical solution of 1-D steady heat
conduction without source term

For a 1-D steady no source term heat conduction with constant
properties and 1st kind boundary condition at two ends, adopting FVM
to discretize the equation, expressing the algebraic equations in matrix

form. Take L1 = 7
Analysis
To be more general let us work for the following 1-D steady state
heat conduction of variable heat conduction area without source term:

i[ AA(X) d_T] ~0 A_(x)--_—-Area normal to heat conduction
dx dx direction;

|
Heat transfer rate ¢ through area A(x)
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Heat transfer rate ¢ through area A(x) Is a constant for 1-D problem,
hence its 15-order derivative equal zero!

Geometrical boundary , not physical boundary!

& - When temperature varies only in
~SRas . -
X-direction , the problem can be

A(X) regarded one-dimensional.

Solution
Integrating over control volume P:

d dT
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yielding(75) qT JT
dx ax

Using the piecewise linear profile for temperature:

Tc =T, T, =T,
AA(X)— %), = A (X) = (5%,
Moving terms with T to left side while those with T, T, to
right side
['A\e(x)/1 A, (X)4 W1 T ['A\a,(><)/1e]Jr [A\N(X)/lw]
(0X).  (9X), (6X), (5X),,

We adopt following well-accepted form for discretized egs. :
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FELEAE Peai(c)
a,l,=a.T_+a,T, +Db

CAK), . AAX),.
TTox, T 6w,

Substituting the following values to above equation, A(X) = L, 4 = 1,
L1 = 7 ,X(7) = 1 following matrix can be obtained

a, =a. +a,; b=0

de

00 008 000 000 000 000 0007 7, ~0.007
40,00 00 398 0.00 0.00 000 0.00 T, 0.00
0.00 5%90_ 0.00  0.00  0.00 T, 0.00
0.00 .00 560 0.00  0.00 T, | — | 0.00
0.00 0071600 500 0.00 T 0.00
0.00 900 00 100 -TO0 T, 0.00
_0.00 0.00 000 900 w0 J L7 _ _1.00_

Tridiagonal (=X )
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(6X%), (6X),,

We temporary remain the interface thermal conductivities in
the above equation ,and will discuss how to interpolate them by
node thermal conductivities in Chapter 3.

How to develop the code for solving the matrix equation will
be Introduced in the after-class tutoring.
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Example 2-3 Numerical solution for 1-D no source term transient
heat conduction with third kind of boundary condition.

Given an infinite plate of thickness of 26 with constant A. a. At
t=0, T=T,. Suddenly it is placed into a large liquid volume with
temperature T_ ; the heat transfer coefficients of its two surfaces is h.
Adopting the fully implicit scheme to solve the temperature
distribution at some typical instants.
Analysis
Adopting coordinate as shown, the math

formulation’ls <, tion can be conducted

ar — g ﬂ for half domain because of |
ot oX°  symmetry. 5
t=0, T=T,;x=0, &T/x=0 L
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Discretizing the governing equation by FVM, following algebraic
eguation Is obtained:

aT,=aT +a,T, +aT,

_AAX). L AAX),

- (6%), (6%),
a, =a. +a, +a,

0 _ PCA, (X)AX  pCAV
| " At At |
Since the two boundary points are at second and _third boundary
conditions, their temperature are unknown. Two more equations need
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to be added. The numerical treatment for second and third kinds of B.Cs.
will be taught in Chapter 3.

The code to solve the algebraic equations will be presented in our
after-class tutoring.
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The following words are presented In the PPT of this chapter. If you
are not familiar with them, please use Al to confirm their meanings and
pronunciations (in the order of their appearance in PPT)

grid Generation storage forward step-wise
construct radian backward piece-wise
layout Cartesian stencil Interpolate
mter.face biased thumb temporary
spatial implement dimension  rigorous
structured .. .

_ expand explicit consistency
dashed ine truncation error | lici fineness
structured grid implicit _
axe exponent profile matrix
CFD-NHT-EHT debugging tridiagonal
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Teaching PPT will be loaded on our WeChat Group

‘j:éilﬂﬁﬂﬁ:tﬂ:: hitp://nht.xjtu.edu.cn YRBIG M) ! ‘
P — o
] A H
o= 2 (7 %4
B E !
People in the

same boat help
each other to

ﬁ’cbross to the other
. ank, where....
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