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Example—L.id-driven cavity flow

Relative error

Table 1. Relative error of centerline u-velocity obtained using uniform grid (42x 42), %

y SGSD SUD QUICK CD

Mean error 0.5531 17.1956 7.0363 8.86044

Computational effort

CPU time
SGSD SUD QUICK CD
Uniform grid l 1.1121 0.7023 0.6018
Nonuniform grid 0.5025 0.5309 0.7139 0.7436
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,Refinement of the Convective Boundedness Criterion of Gaskell and Lau*

by Hou Ping-Li, Yu Mao-Zheng and Tao Wen-Quan

submitted to “Engineering Computations: International Journal for Computer-Aided

Engineering and Software”
(Paper No.: EC952)

The paper does not propose a new discretisation procedure, but proposes an original
refinement of a previous boundedness criteria. It is also quite interesting to see that many
recent successful discretisation procedures, developed independently and without being aware
of the presently proposed criteria, automatically fulfil this newly proposed criteria. Thus, a
useful basis for the better understanding and interpretation of the discretisation procedures has
been proposed, which can also be useful for further impggyements.
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6.4.1 Two Basic Questions in the Scheme Design

6.4.2 General Formulation of 2nd-Order Difference
Schemes

6.4.3 General Formulation of High-Order Difference
Scheme

6.4.4 Derivation of Absolutely Stable Difference
Scheme
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6.4.1 Two Basic Questions in the Scheme Design

Many discretization schemes for convective term are
proposed in CFD and CHT. However, two problems
remain unresolved

1. Is there a general way to construct any-order
scheme?

Each scheme is constructed individually, and in some
sense, with some personal brainstorm and insight(GR Al
—37f).

2. Can we design an accurate scheme with
absolute stability?

Conventionally it is considered that stability and

accuracy are a pair of contradictions.
L S = 95/134
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The upwind-based schemes, such as QUICK, are
generally accepted as good schemes in the compromise

($1) between accuracy and stability. Is that true? Is
there a better way ?

Upwind schemes: More information from “upwind”
flow direction should be adopted than the
Information of downwind.
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6.4.2 General Formulation of 2nd-Order Difference
Schemes
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1. General form of interface interpolation
In one-dimensional uniform grid system, when

U > 0 the variable ¢ on the east € and west
Interfaces are interpolated:
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In FVVM, the integration of the convective term leads
to following expression :

od| _ 9. — 9,

(2)
mow | OXh A g

ﬁ

Substituting Eqg. (1) into the above expression:

o9
OX |;

_ ¢e B ¢W _ (ai o ai+1)¢i + (ai—l — 4 )¢i—1 TP~ ai—1¢i—z
AX AX
(3)

Determining the coefficients, a. ,,d.,d. , by
Taylor series expansion for ¢__, ¢1+1’

I+2
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2. Taylor series expansion for determining interpolation
coefficients

Expanding ¢i_2 , ¢i_1, ¢i+1 by Taylor series at the point 1,

substituting into Eqg.(3) and rearranging:

—prEiE
IR h
%) _(a o, +a.) 2 +(-3a, A a0 20 2
X |; ox“|. 2!
A A =0 0| AX FREEHEI (4)
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From three conditions , following equations can be obtained:

a_, +a +a, =1
5 1 1
(=33, —a +3q,, =0=—> ==, =—7,q, ==
6 §! 3
fa_,+a +a,=0
The third-order upwind scheme (TUD) is obtained:
( 1 5 1
P, = _g i—1 +_¢i "'_ i+1
< . (5)
¢W:_g¢i—2+ ¢| a T ¢

If Ax? term(third order derlvatlve) IS retained In Eq. (4):

o 0’| Ax 5% AX?
=(a +4 l+a'+l)ax | +(-3a,, -4, +a,+l)y _|+(7a' L +a +a'“)a St

7 o Y —=0
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5 , i
=38, —a +a,, =0=—> 3 ig’ai—l :Z_E’a”l:Z_E

/fa_,+a +a. =0
\

1+1

Then the general formulation of second-order
difference schemes is obtained as follows:

[ 1 4 3 4
o, =ag, +(Z_Ej¢il (Z_Ej¢l+1
1P =84, "‘(% _%j i—2 +(% _%) ? (6)
5
a # —
| §)

where A, can be any value but is not equal to 5/6.
Taking ¢, as an example to show the results
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Relationship of the General Formulation of 2nd/3rd-
Order Difference Scheme with Existing Schemes

a =1/2 b, =%¢i +% » (CD)
a =3/4 b= bt (QUICK)
=506 d=-chitod+ih. (TUD
a =1 ¢ =9, —%¢i1+% " (FROMM)
4=32 g =244, (SUD)

1 3 1 a 3 a
—<a <— —ad —_Jd |4 °2_4% |4 (SCSD)
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It Is the first time in the literatures that such

general discretization schemes for convection term is
established!

6.4.3 General Formulation of High-Order Difference
Scheme

By extending above analysis:
u>0

e
i—3 i—2 i—1 i i i+1 i+ 2 i+3 i+ 4
—» * . * * * * .
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(7)

{ e — | 2¢ + a'l 1¢ + 8 ¢ + a|+1¢+l T a|+2¢+2
Dy = "'ai—2¢|—3 +a B, TP F AP T80,

a¢ _ ¢e_¢w

AX

------- "‘(a' no ai—n—l) Tt "‘( )¢ +( i—2)¢|—3 +(ai—2 _ai—l) -2 "‘(ai—1 — & )¢|—1

- AX

+ (ai - a‘i+1)¢| +(ai+1 - ai+2)¢i+1 + (ai+2 - a‘i+3) 1+2 t (ai+3 - ai+4) Tt (al+n - a‘|+n+1)¢|+n T
AX

Expanding ---’¢|—n""'¢i—2’¢|—1’¢|+1""¢i+n’-" by Taylor
series at the point i, and then rewriting, yields:
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— O 2 2 2 2 ) 0’| AX
+1 (ai+1 o ai+2 ) + 2 (ai+2 o a‘i+3)+ 3 (ai+3 o ai+4 ) +..+N (ai+n o a'i+n+1)+ (n +1) ai+n+1]y ’ ?
+[(n+1) ai_, _n3(al n n+1)_ 33(a| B_ai—z) 23(a| 2~ 1) (al 1 al)

3 2
— O +(ai+1 o ai+2 ) + 23 (ai+2 o a‘i+3)+ 33 (ai+3 o ai+4 ) ot n3 (ai+n o ai+n+1)+ (n +l)3ai+n+1] % i Agil
+[(n +1)(2n+1) a_,— n(2n+1) (ai—n o ai—n+1) T 3(2n+1) (a| 3~ &, ) B 2(2n+1) (a| 2~ & 1)
— O _(aifl -9 )+ (ai+1 —a, ) + 2(2n+1) (ai+2 — a3 ) + 3(2n+1) (ai+3 —ai, ) Tt n(2n+l) (ai+n - ai+n+1)
o a(2n+l)¢ AXZn
+(n+1)(2 . i).a.it'ltl.] ox @) | (2n+1)!
H-(n+1)"?a_, +n®?(a_ -a ., )+.+3"?(a -2 ,)+2%? (a, -4 ,)
B L L
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Hr L Bl e | (2n+2)1 7 ( é?ﬁﬁj‘j (2n +2) m )
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The only 2n+2 order accuracy scheme can be obtained:

iR
"
Vo !
\

I
|+(ai+1 o ai+2 ) + 23 (ai+2 o ai+3 ) + 33 (ai+3 o ai+4 ) +...+ n3 (ai+n o a‘i+n+1) + (n +1)3 ai+n+l - O |
e il et
:(n +1)(2”+1) a_, —n“" (a'— —a ) —.. =38 (ai—S — 8, ) - 20 (ai—z - ai—l)

-~
I_(a‘i—l li?‘l,) + (ai+l — & ) + 2(2n+1) (ai+2 o ai+3 ) + 3(2n+1) (ai+3 o ai+4 ) +...+ n(2n+1) (ai+n o ai+n+1)

|
(2n+1)
|+(n +1) ai+n+1 —
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If the coefficient of the term  Ax"D <ax‘2”+2) ) is

not zero, the general formula for (2n+1) -order atcuracy
schemes can be obtained by solving following equations:

CE P T K (R o Uit e :
U7 802) + 232 ~30) #3(Aa ~ 3 )t MB ~Bp) £ (1430 =108 |
—(¥1)a . +n7(a, -8 )+ +3(a,-a,)+2(@,—-a,)ra, 1|
+1° (a|+1 &, ) +2°(a ( iv2 — A3 ) +3 (ai+3 Ay ) +...N (a|+n o a|+n+1) + (n +1) Ainig = G I
D5 " ((E e, -84, -a,)- 2@, "4, )-a, " |
+(ai+1 ai+2)+ 23( i+2 a‘i+3)+33( i+3 a|+4)+ .+ N (a|+n - |+n+1) (n +1) a'|+n+1 ai JI
_______-;_-_:-__o__________________________________________________________..
(n +1)(2n71) &_, — n(2f1—1) (ai—n - a'i—n+1) 3(2n_1) (al 3~ 2) 2(2n_1) (al 2 — & 1) :
_ai—l + (a|+1 a|+2 ) + 2(2n_1) (ai+2 - a'i+3 ) + 3(2n K (a|+3 - a|+4 ) +..+ n(2n ) (a|+n - a'|+n+1) l
+(D s 1L2n_1)§‘|m+]_ T o e e e e e e e e e e e o o JI

+(n +1) a,..,#=0

BLommem T T 107/134



IS < 2 x g 40 HAAFE LA
FFLAA HRATF 9 LA
FFA4LY HEHREETRT @

Thus we have developed a general way for the
discretization of the convective term with any order of
accuracy for the FVVM, obviously the first time in the
history of the computational heat transfer. The first

problem has been solved.

Then how to guarantee the stability of the
discretized form of the convective term?

6.4.4 Derivation of Absolutely Stable Difference
Scheme

Taking the general expression for 2"d-order scheme
as an example. Eqg. (6) Is the definition of interpolation
for the interface value.

% g::-_Il:lEI-I;-EHT 108/ 134
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Analyzing the scheme stability via 1-D unsteady

convection-diffusion equation: h=ag+(2-2)p+(3-2)a,
O¢ Op _ O  jr-aligjo{ii)
—+ pU— = ;
o ot r OX ax "% (6)
n+1 N
Ayt Dy oy oy (@)

At AX o dx

Substituting Eqg.(6) into Eqg. (8) for the convective
term and adopting CD for the diffusion term:

g - g (62 -3)¢ +(1-6a,)¢, +(3-2a) 4l - (1-2a )¢,
At 4 AX
_1—~¢|+1_2¢ + @ (9)

PAX”
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To analyze the stability, first omitting the dlffusmn
term for (i+1),(i-1) we have following equations:

#i =gty _ (62 -3)gl +(1-6a)g +(3-2a,)il, ~(1-2a )4,

+1
At - AAX
¢Ir:1 — ¢ _ (6ai —3) " +(1—6ai) . +(3—2ai )gﬁ,” —(1—2ai )gé,”_3
At AAX

Assuming that the initial fields are zero and at instant n
there is only disturbance at point i, gi,”and no any disturbance
In the subsequent time , then for i+1, its effect can be determined:

0 0 & 0 0
R I A

A 4 AX

1 03 =1, UAT 6a. —1 UAt, ,
Ay = A )( )¢ = ( )(Ax)é‘.
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Similar analysis can be done for ( 1-1);

n

The effect of the disturbance &;' transported

by the convective terms can be summarized:

r 6a, —1
B = ( '4 )(UAM)&”
< 2 3 \ -
By = (23, - )(umjan
| 4 AX
['At
The effect of the diffusion termis @ = (F)gi”
B X

Then the total effects of the convection/diffusion

should satisfy the sign preservation principle:
L S = 111/134
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From Eq.(6): ¢, =a.¢ J{Z_Ej 1 +(Z_Ej¢i+l

Absolutely stable scheme of second-order accuracy :

(11)
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Demonstration of Absolutely Stability
1-D diffusion-convection problem with #(0) =1 ¢(1) =2
were solved with different coefficient a, = a,,

20F

18}

16}

14

12}

1.0

0.8 F

—&— Exact
—*— QUICK
—0— Scheme 11
—— Scheme 12
—&— Scheme 13
—&— Scheme 14

QUlck

"y

//#/

¥

0.8
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14F

12

10

—&— Scheme 11
—*— Scheme 12
—&— Scheme 13
—»— Scheme 14

P, =100,000

| Schemell: a =1.5; Schemel2: a =2.0; |

Stability check of difference scheme
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6.5 MFRE MBI
6.5.1 “Symmetry & odd-order ” scheme

6.5.2 “Symmetry & 3rd-order ” scheme and
demonstrations

6.5.3 Computational time comparisons

6.5.4 Conclusions and summary

Jin W W, Tao W Q. NHT, Part B, 2007, 52(3): 131-254 <

JinWW, Tao W Q. NHT, Part B, 2007, 52(3): 255-280 ( -
PN
CFD-NHT-EHT ﬁﬁﬁ

G, Soren 114/134



.

#AHFTEH T @\

FLRLY HEHNESERE o

XIAN JIAOTONG UNIVERSITY

6.5.1 "Symmetry & odd-order ” scheme

Numerous numerical practices have been
conducted for different stencils with the same
number of total grids to compare their accuracy,

stability and economics.
For simplicity stencils are presented for e-interface

atu, >0 b EFERRE
e XA, BEERF
il A | i ;'+31/

Four-grid stencil of e-interface for Non-Symmetry Second-Order(QUICK)
e

i—1 ! i i+1 i+2
. * i * *

Four-grid stencil of e-interface for Symmetry Third-Order (TS)

% CFD-NHT-EHT 115/134
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e
( i—-2 i—1 i | i+1 i+2 z'+ﬁ3 .

—e . . ; . . .

Six-grid stencil of e-interface for Non-Symmetry Third-Order

e
< i-2 i—1 i i i+1 i+2 i+3
. ° . : . . o

Six-grid stencil of e-interface for Non-Symmetry Fourth-Order

e
i-2 i—1 i i i+1 i+2 i+3

» & - ; -» - -

\ Six-grid stencil of e-interface for Symmetry Fifth-Order

For the three schemes of the six-grid stencil of e-
Interface the required computer spaces are the same,
because all the six grids have to be reserved for storing

Information.
% g::-_Il:lEI-I;-EHT 116/ 134
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Through numerous numerical simulations it is found:

1. For any stencil the correspondent scheme can be
absolutely stable If the coefficient d, satisfies
the condition obtained by the sign preservation
rule; (Answer to 2nd question!)

2. With the reduction of the non-symmetry in stencil,

the effect of the false diffusion decreases.

3. For the same problem simulated, the schemes
having the same number of total grids in stencils
require almost the same CPU time.

We thus propose a new idea of constructing

“symmetry & odd-order ” scheme:
% CFD-NHT-EHT 117/134
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By sign-preservation principle the “Symmetry and
Third-order” scheme is absolutely-stable when a; >13/12

¢e:(2 1§a')¢i_1+ | .+(211;8a)¢._+1+(6a1'8 5)¢ii
l4 = (2 1ga)¢_ ¢_ (21 1;8a,)ﬁ+ (6a1I8 5)@
\ai > g Denoting 13/12 as a;; !

® ® V'v ® e ® ®

-2 1 i i+ P2

Full stencil of the absolutely-stable “symmetry & 3'9-order”’schemes
Followings are some simple demonstrations:
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For lid-driven cavity flow at Re=3200. 5000. 7500 and
10000 with 24X 24 grid system:

60 —eee
55.-:83&}( 11 ai =5/6
L. —*— Scheme 11
| —%— Scheme 12
>0 | —O— Scheme 13 12 a’i :11/12
45 b —»— Scheme 14
—¥— Scheme 15
' cheme 13 . a. :1
ER e Stheme 17 QUICK || _____ '
| 14:a =13/12
30 |-
| 15:a =9/8
25 |
20l 16 ad = 7/6
o SOIOO . 4OI00 . 5000 . 60IOO . 7OIOO . 8OI00 . 90IOO . 1O(I)00 . 11000 17 a. — 5/3

Re
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Computational time at Re=1000 of “symmetry & 3rd-order”
and “non-symmetry 2"%-order” schemes (Grid 42X 42)

( o 0.1 03 _. 05 0.7 0.9

11 BT 15 8.3 4.2 2.6 )
12 44 2 14.9 2.1 4.3 26
— 12 243 15.2 8.2 4.5 2.4
S Symmetry
14 44 15.1 =21 4 5 26
C >3rd—order
15 EERE 15,2 5 4.5 2 6
h
e 16 54 2 15.1 8.2 4.5 2.5 )
m 17 24 7 14.9 8.1 - -
o 7 411 174 9 5 2.7 )
— 8 39 16.8 9 5 2.8 non-
\ 0 378 16.6 8.8 5 2.8 rSymmetry
N ' ' ' ' 2nd-order
10 34.1 15.6 8.6 4.9 3 )
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6.5.2 "S-T " Scheme and Further Demonstrations

The third order accurate scheme is absolutely stable but use
the same stencil grids as that of QUICK scheme. Taking the
case of a =9/8 (>13/12) as an example, interpolations are as:

19 9 1 !
0 TR kAT
U, <0 § =ttty g, |ERNTFO,
(2 — 8— 24— 72— )
joo 190, 9, 1, 7 (IR
Uy >0 e =77 e T T o0 % T2 % 4 AR, (B

19, 9, 1. 7. | &M
—_—— —_ —_— N 2IN [ ]
UW<O ¢W 72¢E+8¢P+24%+72ﬂ/\/w

ww W P E EE
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id-Dri - S&T
1 .Lid-Driven cavity problem
T ]
12 - ] . = Benchmark
. 044 L Tm, ——CD
1.0 1 =  Benchmark 1 -/ N
_ enchma 03 %
0.8 0.2_- /
0.6 0.1+
0.4 0.0 -
) | > |
02 -0.1-_
] -0.2 1
0.0 4 ]
3 03] Re=5000
o 64x64
029 T Re=5000 04
Il 64x64 o]
-0.4
-0.5
T 71 T 7 T 1 1 1 V-7 T T T T 1
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 0.0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1.0
v . . . . . 0: . . . . .

Computed velocity along the line passing through the geometric centre
of the cavity at Re=5000, 64x64 grid system.

U. Ghia, K.N. Ghia and C.T. Shin. High-Re Solution for Incompressible Flow Using the Navier-
Stokes Equations and a Multigrid Method. J. Comput. Phys., 1982, vol.48, pp.387-411.

E. Ertuk, T.C. Corke and C. Gokcol. Numerical Solutions of 2-D Steady Incompressible Driven
Cavity Flow at High Reynolds Numbers, Int. J. Numer. Meth. Fluids, 2005, vol.48,pp.747-774
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1.2
10
0.8 1
0.6 -
0.4 1
0.2 1
0.0 ]
024

044 N

= Benchmark

128x128

Re=5000

05 -
044
03] 7
02-
014
0.0-

-0.6

HAMFH LA
HAEXRELTERT

=  Benchmark

Re=5000
128x128

®

0.0 0.1 0.2 0.3

Computed velocity along the line passing through the
geometric centre of the cavity at Re=5000, 128x128 grid system.
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1.2 5 0.5 -
| ] = Benchmark
0.4 4
1.0 = Benchmark |
T 0.3 1
084 ]
1 0.2 1
0.6 - I
0.1
0.4 0.0 4
) l > 1
0.2 -0.1 -
] -0.2
0.0 - 1
] 03 Re=5000
024 o 256x256
0.2 Re=5000 0a
04 ] 256x256 )
el -0.5
svo———— bt 77T
60 01 02 03 04 05 06 07 08 09 10 00 01 02 03 04 05 06 07 08 09 10
Y X

Computed velocity along the line passing through the geometric
centre of the cavity at Re=5000, 256x256 grid system.
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Average relative error comparison
Gird system of 64 X 64
QUICK —32% more accurate than CD ;
ST scheme — 22% more accurate than QUICK
Gird system of 128X 128:
QUICK—33% more accurate than CD scheme,;
ST— 28% more accurate than QUICK scheme.
Gird system of 256 X 256:
QUICK — 38% more accurate than CD scheme;
ST— 33% more accurate than QUICK scheme.

At Re=10000, for gird system of 64 X64 with a ST scheme,
the average relative error is 14.86%;To get the same results with
CD, the mesh has to be refined to 128 X128 .
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80 -
70
60
50
40
30 4
20 4
10

10 4
-20
30
-40
-50 ]
-60 ]
.70

2 Benchmark
— QUICK with a 128x128 grid
TS with a 64x64 grid

80
0.0

X

0.6 0.8

0.8 —
0.7 —
0.6 —
0.5 —
04
0.3 —
0.2 —

0.1 +

0.0 1

mmﬁ%ﬁlﬁ,@)
HREXELELT

2 Benchmark
—— QUICK with a 128x128 grid
ffffffff TS with a 64x64 grid

0.0

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

X
0

V velocity and dimensionless temp. along the center vertical line
of the cavity at Ra=10°(64X64 for S-T vs. 128X128 for QUICK)

D.C. Wan, B.S.V. Patnaik and G.W. Wei. A New Benchmark Quality Solution for the Buoyancy-
Driven Cavity by Discrete Singular Convolution. Numer. Heat Transfer B. 2001,Vol.40, pp.199-
228
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11-
10

—— QUICK with a 128x128 grid 0]

ffffffff TS with a 64x64 grid a —— QUICK with a 128x128 grid
Y2 1 — TS with a 64x64 grid

0.7 1

0.6 -

@ 054 e

-200 4]
] 0.3
-400 0.2 J
Ra=10’ 01 ] Ra=10’
600 - o
0.0
-7 T T T T 1 B A e S L A B e e B S A B e
0 o1 02 03 04 05 06 07 08 09 10 00 01 02 03 04 05 06 07 08 09 10
X X

Fig. V velocity and dimensionless temp. along the center vertical line
of the cavity at Ra=10’

Solutions from QUICK with 128x128 grids are almost
Identical to the solution by ST(TS) with 64x64 grids.

(G, Cep e 127/134
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3. Flow over a backward facing step

1.2 -

. Taona10000grd Computation on a
n o QUEKenasiei e arid of 100X20 by
QUICK can not
reach converged
solutions . A 300
X20 grid must be
used for QUICK

1.0 5

0.8 -

0.6 -

D

0.4 -

0.2 -

0.0 -

-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6

D.K.Gartling. A Test Problem for Outflow Boundary Conditions-Flow Over a
Backward-Facing Step. Int. J. Numer. Methods Fluids. 1990,11:953-967
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6.5.3 Computational time comparisons

Lid-Driven (Re=5000)
128 by 128 grids: QUICK—102s. ST— 108s.
256 by 256 grid: QUICK—814s. ST— 835s.

Natural convection (Ra=100)
64 by 64: QUICK—15s. ST—17s.
128 by128: QUICK—152 s. ST—220s.

Flow over backward-step
100 by 20:  QUICK —Divergence! ST— 0.7s.
300 by 20 QUICK —3.3s. ST—2.7s.

Jin W W, Tao W Q. Numerical Heat Transfer, Part B, 2007, 52(3): 131-254
Jin W W, Tao W Q. Numerical Heat Transfer, Part B, 2007, 52(3): 255-280
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6.5.4 Conclusions and summary

1. Following conclusions can be drawn:

1) ST scheme can provide more accurate results than
the QUICK scheme with unconditional stability while it
consumes almost the same computation cost as the
QUICK scheme.

2) “Symmetry and Odd-Order Schemes” p0ssess
higher accuracy, absolutely stability and acceptable
consumption in computational source .

Then a simple question may be raised: why we
should still insist in the adoption of the upwind-based
schemes?
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5) iBxEp: (Stability)

FERFERE 5 I BUEIRZED B B ORI
MERUEAR [T ;

6) X5tk (Accuracy)

PR EE T TR IR B
7) 55k (Boundness)

BUE MR RMEA S8 M B ) B 2 ) _E T PR ;
8) £%7 1k (Boundness)
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